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1 Introduction and statement of results

For two points a,b € [0,1)? we write a < b and a < b if the correspond-
ing inequalities hold in each coordinate; furthermore, we write [a,b) for the set
{z € [0,1)* : a < z < b}, and call such a set a (d-dimensional) interval.
We denote by 1; the indicator function of the set I C [0,1)% and by A4 the
d-dimensional Lebesgue measure. We will sometimes write 0 for the d-dimensional
vector (0,...,0).

A sequence (zn)nen of points in [0, 1]d is called uniformly distributed modulo
1 (u.d. mod 1) if

N
lim anl 1[a,b) (xn)
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for all d-dimensional intervals [a,b) C [0,1)¢. A further characterization of u.d. is
given by the following well-known result of Weyl [17]: a sequence (zr,)nen of points
in [0,1)% is u.d. mod 1 if and only if for every continuous function f on [0,1)% the
relation

lim
N—oo
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[0,1)¢

f(x)dx

holds. Although this theorem shows the possibility of using u.d. point sequences
for numerical integration — a method usually called Quasi-Monte Carlo (QMC)
integration — it does not give any information on the integration error.

The Koksma-Hlawka inequality [10] states that this integration error can be
bounded by the product of the variation of f (in the sense of Hardy and Krause),
denoted by V(f), and the so-called star-discrepancy Dj of the point sequence
(zn)nen. More precisely,

1 N
N fw = [ fde] < VD),

(0,1]

where D} is given by

Zivzl L(0,a) (zn)
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Dy = Dy(z1,...,oN) = sup
a€l0,1)4

The Koksma-Hlawka inequality suggest that for QMC integration one should use
a sequence of points whose discrepancy is as small as possible. The best known
point sequences achieve a discrepancy of order O(N~*(log N)?); such sequences
are called low-discrepancy sequences. Note that this convergence rate is for all d > 1
better than that of the probabilistic error of Monte Carlo integration, where a se-
quence of random points is used instead of a deterministic one. QMC integration
can be successfully applied in several different areas of applied mathematics, for
example in actuarial or financial mathematics, where frequently high-dimensional
integration problems arise (see e.g. [2,14]). For more information on discrepancy
theory, low-discrepancy sequences and QMC integration see [8,12].
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A popular approach to construct d-dimensional low-discrepancy sequences is
to combine d one-dimensional low-discrepancy sequences; this works for example
for the so-called Halton sequence, which is obtained by joining one-dimensional
van der Corput sequences coordinatewise. In the present paper we show that
this construction principle is not generally applicable for a special class of one-
dimensional low-discrepancy sequence, so-called LS-sequences. We prove that the
limit distribution of a multidimensional LS-sequences (composed coordinatewise
from one-dimensional low-discrepancy LS-sequences) can spectacularly fail to be
u.d., if there is a certain number-theoretic connection between the parameters of
the one-dimensional sequences. To explain the construction of LS-sequences we
need some definitions.

Definition 1 (Kakutani splitting procedure) If « € (0,1) and 7 = {[t;—1,%) :
1 < ¢ < k} is any partition of [0,1), then am denotes its so-called a-refinement,
which is obtained by subdividing all intervals of 7 having maximal length into
two parts, proportional to a and 1 — «, respectively. The so-called Kakutani’s
sequence of partitions (" w),en is obtained as the successive a-refinement of the
trivial partition w = {[0,1)}.

The notion of a-refinements can be generalized in a natural way to so-called
p-refinements.

Definition 2 (p-refinement) Let p denote a non-trivial finite partition of [0, 1).
Then the p-refinement of a partition 7 of [0, 1), denoted by pm, is given by sub-
dividing all intervals of maximal length positively homothetically to p. Note that
the a-refinement is a special case with p = {[0, @), [a, 1)}.

By a classical result of Kakutani [11], for any « the sequence of partitions
(a"w)pen is uniformly distributed, which means that for every interval [a,b] C
[0, 1],

S Ly ()

lim =———————"=b—a,

n— o0 k(n)
where k(n) denotes the number of intervals in o"w = {[t7_1,¢}), 1 <14 < k(n)}.
The same result holds for any sequence of p-refinements of w, due to a result
of Vol&i¢ [16] (see also [1,7]). A multidimensional generalization of p-refinements
has been introduced by Carbone and Voléi¢ [6]. A special case of a p-refinement
is the so-called LS-sequence of partitions. This sequence of partitions has been
introduced by Carbone [5].

Definition 3 (LS-sequence of partitions) An LS-sequence of partitions
(T, sw)nen is the successive p-refinement of the trivial partition w, where pr, s con-
sists of L+ .S intervals such that the first L > 0 intervals of pr s have length $ and
the remaining S > 0 intervals have length 2. Note that necessarily LS+ SB8% =1
holds, and consequently for each pair (L, S) of parameters there exists exactly one
corresponding number .

It can easily be seen that for every n the partition p7 cw consists only of
intervals having either length 8™ or A™™!. This fact makes the analysis of LS-
sequences relatively simple, in comparison to the analysis of general p-refinements.
We denote by t, the total number of intervals of p7 sw, and correspondingly let
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ln, and s, be the number of long and short intervals after n steps, respectively
(more precisely, I, is the number of intervals of length 5™, and sj is the number of
intervals of length 8™ 1). It is easy to see that these sequences satisfy the following
recurrence relations (see [5]):

tn = Ltp—1 + Stp—2,
ln = Llp—1 4 Slp—2,
S$n = Lsp—1 + Ssn—2,

for n > 2, where t1 = L+ S,to = 1,11 = L,lop,= 1,51 = S and sp = 0. Solving
these binary recurrences we obtain explicit formulas for ¢, [, and sy:
n n L+25++L?+4S
tn =708 " + 11 (=SB)", T0 = ; (1)
2vL? + 48
_ —L—-25++L2+48
2V L? + 48
_n n L++VL2+48
b= XoB ™" + M (~5P)", ho= ZINL LY (2)
2V/L? +48
—L++VL?+4S
2V/IZ+4S
_ 2S ++V L2 +4S
sn =008 " +o1(—=5B)", o= DIV A (3)
2y L2+ 48
—25 + L2+ 4S8
2VL2+4S
We can generate a sequence of points from a sequence of partitions by ordering

the left endpoints of the intervals in the partition. The following rule by Carbone [5]
defines the so-called LS-sequence of points.

>
e
Il

g1 =

Definition 4 (LS-sequence of points) Given an LS-sequence of partitions
(pL,sw)nen we define the corresponding LS-sequence of points (£7 )nen as fol-
lows: the first ¢1 points are the left endpoints of the partition p; sw ordered by
magnitude. We denote this ordered set of points by AlL’S.

For n > 1 we define AZ"'Sl = {5%’5, NS "“ } inductively as the ordered set
of the left endpoints of the intervals of p7 Sw in the following way:

AT ={& s, 605"
Po(ehs) s und (glns") o vih (6s) o wE R (gi25Y)
P (€s) s v (605Y) v (Es) i (650
where
V7 () =z +iB" + B

For more details on the definition of LS-sequences of points, and on the properties
of such sequences, see [4,5].
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Next, we recall the definition of the well-known van der Corput sequence in
base b > 2, b € N. For every n € Ng, the unique digit expansion of n in base b is

given by
n = Z n;b’,
i>0
where n; € {0,1,...,b—1},% > 0. For n € Ng we define the radical-inverse function

(or Monna map) ¢p(n): No — [0,1) by

ou(n) = s Znibi = Znibﬂ'*l. (4)

i>0 i>0

We call x a b-adic rational if x = ab™ ¢, where a and ¢ are positive integers and
0 < a < b°. Note that ¢ (n) maps N onto the b-adic rationals in [0, 1), and therefore
the image of N under ¢3(n) is dense in [0, 1).

Definition 5 The van der Corput sequence in base b is defined as (¢y(n))nen-

Note that the definition of the van der Corput sequence in base b > 2 coincides
with the definition of the LS-sequence of points with parameters L = b and S = 0.
Thus LS-sequences can be seen as a generalization of the van der Corput sequence.
A remarkable property of van der Corput sequences is, that several van der Corput
sequences in pairwise coprime bases can be combined coordinatewise to a multi-
dimensional sequence, the so-called Halton sequence, which is a low-discrepancy
sequence. As mentioned above this means that the discrepancy of a Halton se-
quence is of asymptotic order O(N ! (log N)¢), where N is the number of points
and d denotes the dimension, which together with the Koksma-Hlawka inequality
makes it a perfect candidate for Quasi-Monte Carlo integration (for details on the
properties of van der Corput and Halton sequences, see [8,12]).

Several authors consider so-called g-adic van der Corput sequences, which are
not equal to LS-sequences although very similar. Barat and Grabner [3] and Ni-
nomiya [13] showed that such sequences are one-dimensional low-discrepancy se-
quences if B is a Pisot number with irreducible g-polynomial. Furthermore the
connection between (-adic van der Corput sequences and special numeration sys-
tems has been investigated by Grabner, Liardet and Tichy [9] and Steiner [15].
They use the so-called Dumont—Thomas-expansion, where G = (Gn)n>0 is a lin-
ear recurring base sequence, [ is the corresponding characteristic root and the
points of the -adic van der Corput sequences are obtained by reflecting the G-ary
expansion of every integer at the decimal point, written in a S-adic number system.
Unfortunately, this procedure can not be applied for LS-sequences except when
L =5 =1. In Lemma 3 we will present a similar, but slightly more complicated
algorithm which is tailor-made for the construction of LS-sequences.

If we assume S > 1, then by a result of Carbone [5] a one-dimensional LS-
sequence is a low-discrepancy sequences if and only if L > S — 1. Thus it is
tempting to assume that several LS-sequences can be combined coordinatewise in
order to obtain multidimensional low-discrepancy sequences. If this was the case,
then this method would produce a new parametric class of multidimensional low-
discrepancy sequences. However, even in the case of the combination of van der
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Corput sequences (which are a special case of LS-sequences, as mentioned before),
the bases b1,...,bq cannot be chosen arbitrarily, but have to satisfy a certain
number-theoretic condition (they have to be coprime). A similar restriction can
be expected in the case of combining LS-sequences.

In a talk in Graz in June 2012, Maria Rita Iaco presented several numeri-
cal examples of the asymptotic distribution of two-dimensional LS-sequences. In
some cases they showed “random” behavior, while in others (for example when
combining the sequence with parameters (1,1) and the sequence with parameters
(4,1)) the distribution seemed to be rather erratic. Obviously the reason for this
behavior is that there is a multiplicative relation between the solutions of the
equations z + z2 = 1 and 4z + 2? = 1, which define the lengths of the intervals
for the LS-sequences with parameters (1,1) and (4,1), respectively. The purpose
of the present paper is to prove that in fact the two-dimensional LS-sequences is
not uniformly distributed (and not even dense) in [0,1]? if such a multiplicative
relation exists. Furthermore, in a second theorem we show that if the parameters
of two one-dimensional LS-sequences have a greatest common divisor (gcd) which
is greater than 1, then the resulting two-dimensional LS-sequence is also not dense
n [0, 1]2. This second result generalizes the requirement of having coprime bases
of the van der Corput sequences, in order to obtain a low-discrepancy Halton se-
quence by joining them coordinatewise.

The formal definition of a multidimensional LS-sequence can be given as fol-
lows.

Definition 6 Let B = ((L1,51),...,(L4,S4)) be an ordered d-tuple of pairs,
(Li, S;) such that L; > 0, S; > 0 and L; + S; > 2 for all i. Then we define the
d-dimensional LS-sequence in base B as the sequence

€8 = (L1512 €00.50) pen -

The following theorem states that a two-dimensional LS-sequences in bases B =
((L1,S81), (L2, 52)), where the one-dimensional components are low-discrepancy
sequences, is not dense in [0, 1]? if there exist integers m and k such that mﬂ €Q.
For example, in the case (L1, 51) = (1,1) and (L2, S2) = (4,1) we have 62 = 63.

Theorem 1 Let B = ((L1,51), (L2,S52)) with L; > S; —1 > 0 and assume that
k+
there exist integers m and k such that 67,,“ € Q. Then the two-dimensional LS-

sequence £ is not uniformly distributed, and not even dense in [0, 1] .

On the other hand, we have not been able to derive any positive results, prov-
ing uniform distribution of a LS-sequence for an appropriate choice of L1, .S1 and
Lo, S5 (except for the case of the Halton sequence). So up to date not a single
example of parameters L1, S1, L2, S2 is known, for which either S; # 0 or S2 # 0
and the corresponding two-dimensional LS-sequence is uniformly distributed.

Note that Theorem 1 can also be applied to the multidimensional case, since for
any multidimensional sequence of points, which is uniformly distributed, all lower-
dimensional projections also have to be uniformly distributed. More precisely, we
immediately get the following corollary.
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Corollary 1 Let B = ((L1,51),...,(La,Sq)) with L; > S; —1 > 0 and assume
k+1
that there exist numbers u,w € {1,...,d} and integers m and k such that g:,:—:l €

Q. Then the d-dimensional LS-sequence &g is not uniform distributed, and not
even dense in [0,1]%.

The next theorem characterizes another class of two-dimensional LS-sequences,
which are not dense in [0, 1]%.

Theorem 2 Let B = ((L1,S1),(L2,52)) and assume that gcd(L1, S1, L2, S2) > 1.
Then the two-dimensional LS-sequence £ is not dense in [0, 1],

Note that Theorem 2 also includes the case of the classical Halton sequence.
Furthermore in Theorem 1 we have to require that every one-dimensional compo-
nent is a low-discrepancy sequence, which is not the case in Theorem 2. Moreover,
it is easily seen that Theorem 1 and Theorem 2 do not fully contain one another: for
example, the LS-sequences with parameters (1,1) and (4,1) satisfy the conditions
of Theorem 1, but not those of Theorem 2; for the LS-sequences with parameters
(4,2) and (2,2) it is vice versa. As above we can state a corollary which describes
the d-dimensional situation.

Corollary 2 Let B = ((L1,51),--., (L4, Sq)) and assume that gcd(L;, Si, L;, S;) >
1 for some i,5 € {1,...,d}, i # j. Then the d-dimensional LS-sequence &g is not
dense in [0,1]%.

In the next section we provide several auxiliary results concerning one-dimensional
LS-sequences. These lemmas will be essential in the proofs of Theorem 1 and The-
orem 2, which are presented in Section 3.

Remark 1 It seems to be possible to formulate number-theoretic conditions on §1
and (2 to assure that the two-dimensional combination of two LS-sequences is u.d.
or even low-discrepancy in [0, 1)2. Intensive numerical investigation suggests that
it is sufficient to assume L; > S; — 1 > 0 for ¢ = 1,2, and that the assumptions
of the two above theorems do not hold. Nevertheless a rigorous proof seems to be
difficult since for example an application of the Chinese remainder theorem, like in
the classical Halton case, is not possible. This will be subject of further research.

2 Points in elementary intervals

Before we define elementary intervals and prove some of their properties, we obtain
the following recurrence relations for the sequences t,, and I,,.

Lemma 1 We have

tn41 =tn+(L+S—1)ln and lpt1 =tn+ (L —1),
for alln > 0.
Proof Follows immediately by (1) and induction with respect to n.

We will also need a lemma on the irrationality of 3.
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Lemma 2 Let L > S — 1> 0, then 8 is irrational for every positive integer k.

Proof First, we prove that § is irrational. In particular we have to prove that
L? 4 48 is not a square. Therefore we note that

L? < L>4+4S < L +4L+4 = (L + 2)%,
thus L? + 45 = (L +1)?, ie. S = 2%%1 ¢ 7. Hence f is irrational.

Now suppose that ¥ is rational for some k > 1. If 8¥ = r for some rational
number r the same relation holds for the conjugate 8’ of 3, i.e. |8| = |8’|. Since
B = =LEVLIHAS and g > g = =L=YL 15 this yields a contradiction to |8] =
|8’], unless L = 0 which is excluded.

We call an interval elementary, if it is an element of p} gw for some n. Equiv-

alently we can define elementary intervals as all intervals of the form Ig(ck) =
€7.5,80.5 + B*) for some k, where z < I,. If €1 5,61 5 + B*) is an elementary
interval, then there necessarily exists an integer y < t such that £7 g + % = 5%75.
Note that in the case of the van der Corput sequence the elementary intervals de-
fined in this way coincide with the usual ones.

In order to count points in elementary intervals we need a method to decide
whether a point §£] 5 is contained in some given elementary interval or not. In
the case of the van der Corput sequence this can be achieved by considering digit
expansions as in (4), which motivates the following construction. Let N > 0 be a
fixed integer and let n be such that ¢, < N < t,4+1. We construct two sequences
(ex)o<k<n and (Mr)o<k<n recursively in the following way: We put

Np —tn
Np =N, e,=1, ny,= {TJ and Np—1 =N, —tn — nln.
n

For £k < n—1,if Ny < tp we put ¢, = n = 0 and Np_1 = Np. Otherwise
we proceed as in the initial construction, i.e. put e, = 1, nx = LN’“li:t’“J and
Ng_—1 = Ni — tx — nrli. If Npx_1 = 0 we terminate and put ¢, = n; = 0 for all
i < k. Since tx41 = tp + (L + S — 1)l and lg11 > t > I for all k& > 0, this
algorithm yields a representation of N in the form

N = Z(Giti + nils), (5)

=0

where ¢; € {0,1}, 0 <7 < L+ S —2, and ¢; = 0 implies n; = 0. Furthermore,
since ty, + (L — 1)l = lp+1, it follows that n; > L — 1 implies €;41 = 0.

Note that the representation (5) is not unique. Consider e.g. the case L = 2,5 = 1;
then we have to 412 = 12 = ta+1t1 +11. However, for the rest of this paper speaking
of a representation we will always mean the representation whose coefficients ¢;
and 7; were constructed as explained in the algorithm above (i.e. in the above
example the representation we choose is 12 = t2 + l2).

In order to establish unique “digit expansions“ we use the following Lemma.
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Lemma 3 There is a bijection between positive integers and finite sequences of
the form

D= ((Enynn)y ceey (607770))

such that ¢; € {0,1}, e = 1,0 < n < L+ S —2, ¢ = 0 impliesn; = 0 and
e, =1,m > L —1 implies €,41 = 0. This bijection is given by

W(D) = (eiti +mili)
1=0

and its inverse
Wﬁl(N) = ((Gnﬂ?n)v B (607770))»

where the €; and n; are computed by the algorithm described above.

Proof Let N > 0 be an integer. Note that ¥ ™! is injective since by construction
we have Nj < tx11 and therefore in every step of the algorithm the pair (ex, nx)
is uniquely determined.

It remains to prove that W~ (¥(D)) = D. We prove this by induction on the
length n+1 of D. The case n = 0 is trivial, since ¥ (D) = ep+no < t1, and applying
w1 yields indeed D. Let us assume that the algorithm yields the correct sequence
¥ (D) for all sequences D of length < n. In particular, this implies ¥ (D) < t,, for
all D of length < n. Assume now that D is of length n + 1.

First, we prove that N = ¥ (D) < tn41. Since €, = 1 we have n,—1 < L—2 and
by induction we know that for a sequence £ of length n starting with (1, L —2) we
have (&) < tn—1+(L—1)ln—1 = ln. Hence (D) < tn+(L+S—2)ln+1n = tnt1.

Now let £ be the sequence of length n induced by D by deleting the entry
(€én,Mn). Note that e,—1 might be zero and thus £ is not a valid output of the
above algorithm. If ¢; = 0 for all § < n — 1, then the proof is trivial. Assume now
that at least one ¢; > 0 for ¢ < n — 1. Then we can write £ = (£1,&2), where
&= ((En—lvnn—l)a LR (Enfkannfk)) and (6%771') = (0’0) forn —k <i:<n-1
and & = ((én—k—1,Mn—k—1)s---,(€0,M0)) With €,_,_1 = 1. We obtain that N =
U (D) = tn + Mnln + ¥(E2) and since ¥(E2) < ln, we know that 7, is the same
integer which we obtain by applying our algorithm to N. In particular, we have

U W(D)) = ((Ln), 1,07 (¥(E2))) = ((1,1n), €) = D.

Using this digit expansions we are able to prove arithmetic properties of LS-
sequences. We start with a lemma which provides conditions under which a point
13 ILV, g lies in a certain elementary interval.

Lemma 4 Let N be an integer with representation given in (5). Then

EJLV,S = (ﬂ”l min{L,e; +n;} + ﬂi+2 max{e; +n; — L, O}) . (6)

n
=0
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Moreover let Ig(gk) = [T .5,60.5 + ﬂk), with x < l, be an elementary interval.
Then {ﬁs € Iék) if and only if

k—1

T = Z(eiti + mily)

=0

is the truncated representation of N.
In addition let A;k)(N) ={m : m <N, s € Ig(ck)} and assume that

n

N=zx+ Z(Gz‘tz‘ + nils).

i=k
Then
n—k
AP (N) = > (eisrti +migrli) + 1.
i=0

Proof We start with the proof of (6). Due to Definition 4 we have

§]LV)S = B"min{L,en +nn} + gt max{en + nn — L,0} + fgs

with

n—1

N = Z(eiti + nils).

1=0

Repeating this argument inductively we will end up in (6).
Now let N be of the form (5) and let

k—1 n—k
Ny = Z(eiti +mil;) and No = Z(€i+kti + Nitreli).
=0 i=0

Then by (6) we have fJLV,S = ﬁls+ﬂk§g’zs. Since the LS-sequences only take values
in the interval [0,1) and since two distinct points of an LS-sequence with index
< 1, differ at least by 8% this implies the second statement of the lemma. Moreover,
by assumption N1 = z < [, and therefore N2 can take all integer values, since we
have no restriction on the digits e, and 7, (see Lemma 3). Thus, No counts all
points fi,s in the interval Ig(ﬁk) with <4 < N. Since {7 ¢ € Ig(ck) is the first point
that hits the interval [g(ck) , the last statement of the lemma is established.

Note that Lemma 4 would not hold in case of I < x < tx, since this would
imply €, = 0 (see Lemma 3) and we would have serious restrictions for the digits
of Na. Thus N2 could not take all integer values.

Since a crucial point of the proof of Theorem 1 is to have a precise knowledge
of A% (N) the next lemma gives a further method to describe this quantity.

Lemma 5 Assume that v < l. If fﬁs € Ig(;k), then there exist integers A, B such
that N = z + Aty, + Bly, and A" (N) =1+ A+ B.



On the uniform distribution modulo 1 of multidimensional LS-sequences 11

Proof By Lemma 4 we know that N is of the form
n
N=z+ Z(Eiti + nils).
i=k

Now by the recurrence relations for t; and I and Lemma 1 we deduce that there
are integers A, B such that N = x + Aty + Bly.

Since £7 ¢ € Ig(ck) the proof of the lemma is complete, if we can prove that
there exist integers A, B such that

n n—k
Z(Gz‘ti +nili) = Aty + Bl and Z (€ivrti +Mitrli) = A+ B,
i=k i=0

where €;,7; and n > k are arbitrary non-negative integers. We prove this assertion
by induction on n — k. The case n = k is trivial. We postpone checking the case
n =k + 1 to the end of the proof. Now, let us assume that n — k > 2. Using the
recurrence relations (1) and (2) for ¢, and Ij respectively we have

n n—1
Z(ﬁiti + nili) = Z(giti + 7ils)
i—k i=k
and
n—=k n—k—1
(€itrts + Nitrli) = Z (Eixrts + Titrls),
i—0 i=0
with

€& =¢€,m0=mn for i=kk+1,...,n—3 and
€n—2 =€n—2+ Sen, €n—1=€n—1+ Lep,
ﬁn72 = Mn-2+ Snn, ﬁnfl =Mn-1+ Lﬂn
The new representations have fewer summands and by induction hypotheses we

find appropriate integers A and B.
It remains to check the case n — k = 1. Using Lemma 1 we get

ept+Nell + €xtritot1 + Mer1le1
=€tk + Ml + €1t + (L + S — 1)) + i1 (b + (L — 1))
=A =B

=t (ex + €ry1 + Mot1) Hi (M + exp1(tr — 1) + g1l — 1)) .

But, now

A+ B =€+ €xr1 +Mk+1 + M6 + €41 (t1 — 1) + ne1 (I — 1))
= exto + Nelo + €xy1t1 + Ne+1l1

and we have found appropriate integers A and B.
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The next lemma is related to the discrepancy of one-dimensional LS-sequences.
0)
In particular we are interested in an accurate formula for AIT(N)

IR

, where 52’7 s €
Lemma 6 Assume that N has a representation of the form (5), and assume that
fILV,S e 1" . Then we have

AP(N)  p R (=SB*) +1—ap"
v 0 N »

where N
R=> (e +mM)(=SB)"",
i=k
which can be estimated by

R| < max{|r, |71 + (L + S — 2))\1|}W.
if SB#1 and
|R| < max{|7i],|m1 + (L 4+ S — 2)A1|} max{n — k+ 1,0}
if S =1.
Proof Using our assumptions and Lemma 4 we can calculate the exact values of

Agck)(N) and N. In fact, we have

n

N=z+> (eti+nls) and AP(N) = > (eition +miliog) + 1.
i=0 i=k

This yields

Agﬁk)(N) Yoipl€itiog +milig) +1

N Y (et +mili) 4

R

S (e + mido) B £ 3 (@ + mid)(—SB) T 41
i=k

BE Y (€m0 + miXo)BTIHR + (SRR (e +midi)(—SB) T + @
i=k

R

ok, BRALT Y (eimo + niXo)B~TF — Ngk
="+ —5 T ~
Lk, R+1 Z?Zk(eiﬁ)-l-m‘)\o)ﬁ_i"rk
=67+ ~

(5_k Yo (eimo + niXo) B R + (=SB)FR + ) Bk

N
R(1— (=SB%)") + 1 —ap*
N .

=BF +
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Thus it remains to estimate R. Note that 71 < 0 and
leimi + nidi| < max{|m1], |71 4+ (L + 5 = 2)A1}

fori =k, ..., n. Hence to complete the proof of Lemma 6 we only have to compute
the geometric sum

n—k )
o 1-s8l"
i=0
We have to take absolute values in order to estimate R.
Note that Lemma 6 gives a constant bound for |R| for n — oo if and only if

SB < 1, which is equivalent to L > S — 1. This is exactly the case when we have
a one-dimensional low-discrepancy LS-sequence.

3 Proofs of main results

We start with the proof of Theorem 1. According to Definition 6, we define the
recurrences

9 = Lty + St 1) =1, ) = Li + 8i,
19 = Lal), +sal),, 1§ =1, 19 =1,
ssli) = Lisfﬁl + SiSEZ),Q, sgi) =0, Sgi) =5,

which correspond to the number of intervals, long intervals and short intervals af-
ter n refinement steps in the i-th component of the two-dimensional LS-sequence,
for i = 1,2.

Now let k and m be integers satisfying the assumptions of Theorem 1 and as-
sume that the integers k and 7 are “large” (a precise condition will be given later).
Furthermore choose two integers z1 < l,gl) and z2 < l,(ﬁ) such that z1 # x2. In the
sequel we will consider the intervals I = Ig(c’f) X L,(czm and I = I:,(c’f+k> X Iéj”*m). We
want to prove that no point of the two-dimensional LS-sequence is contained in
the interval I. Note that [ C I , and consequently a point can only be contained in
I if it is also contained in I. Now let N be given, and assume that {g € I. We will
also assume that £]BV € I, and show that this leads to a contradiction (provided k
and m are sufficiently large) Consequently, no point of the sequence (£3)nen can
be contained in I.

Due to Lemma 5, £ZLVI’SI € L,(Ulf) implies that there exist integers A1, B1 such
that N = 21 + Aytl") + Bl(". Similarly, £, 5 € IS7 implies the existence of
integers Ag, B such that N = za + Agtﬁ?l) + BQZS,%). Thus

x1 + A1t](€1) + B1l](€1) =9 + A2t7(3,) + Bglg). (7)
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Moreover, choosing A1 and Bj according to Lemma 5 we know that there are
exactly 1 4+ A1 4+ Bi points with index < N lying in the interval Igf). Therefore
Lemma 6 yields

A1+ B1+1
xr1 + Altl(cl) + Blll(cl)

Ri(1 = (=$180)") + 1= :1F

ok
=pr + N

Multiplying both sides with N = z1 + A1t\” + B11{" and solving for B; we obtain
plymg k k

576 -1 Ri(1—(=$18D)")

By = A (8)
LS R R
A similar argument for the second component yields
(2) pm 2\m
tm -1  R(1-(-S
B = A, 2= C5:P)") (9)
1=l B3 1-10,7pm
Now we resubstitute equations (8) and (9) into (7) and obtain
) — 1Y R (- (=$180)F)
n+Ah T m g T D) g =
1-1,p7 1-1,7p7
(2)7l(2) Rl(2) 1 — (—S,32)™
oy + AQ m (Q)m 2lm ( ((2) 2&2) ) (10)
1- lm Béﬂ 1- lm ﬂéﬂ
Now let us investigate the quantities fflzlgk and Lk(l;ﬁﬁsﬁvfz)k).
Lemma 7 We have
th =k _ gkt
1 — 1Bk

and
(1= (=58%)")
1—1,pB*

Proof Using the explicit formulas (1) and (2) for the recurrences t5 and Iy, respec-
tively, we obtain

_ A0k | [ amk
7)\15 +(=SB)".

te =l (10— X0)B™ "+ (11 — M) (=SB)* ﬁ(ﬂ‘k - (=88)")

L—lpBR 1= BEoB~F + A (=SB)*) Ar(1 = (=5B%)F)
VTS gk L= (9 e
M 1= (—SF)* |

which proves the first part of Lemma 7.

Note that
—L+/L?F45
A T aviifas —L+VLIZ44S
- S - 25 =5

VL2448 VL2448
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Let us now prove the second statement of the lemma. Again we use the explicit
formulas (1) and (2) and obtain

(1= (=SBH)") _ (1= (=58%)%)
L—0Be 1= BFoB~F + M (—S5B)F)
_L(1— (=887
A1(1 = (=SpB2)k)

A0 -k k
—)\*15 + (=58)

Continuing the proof of Theorem 1, let us insert the explicit formulas of
Lemma 7 into (10). We get

A=A i MR 11
1=As—5 + (2 —m)B1 + R, (11)
2
where
Ccoi= cri=

- AL 2\m f+1 A 2\k
R =R; (2 ﬁ + (—5233) T BB ﬁ +(=5181)") | - (12)
1 1

2

k+1
Now by assumption we have % = g for some coprime positive integers p, q
2
and (11) can be written as
2(qA1 — pAs) = 2(z2 — 21)gB" ! + 2R, (13)

Obviously the left side of (13) is an even integer. In order to prove Theorem 1 we
want to show that the right side is not an even integer if 5 € I and k and m are
sufficiently large. By our assumptions on x1, x2 and the parameters Li,S1, L2 and
S2 we have

I12(z2 = 21)B7 " floaa = € < 1, (14)
where || - |oqq denotes the distance to the nearest odd integer. Note that g5 is
irrational due to Lemma 2 and therefore indeed € < 1.

Now Lemma 6 tells us that the assumption ¢ € I yields

N=a+ > (et + M) (=8181),
i=k+k

and we have

|—518:|F

|R1| < max{|r{"], |V + (L1 + S1 — 22|} :
1-516:1

A similar inequality also holds for |Ra|. Now we choose k sufficiently large such
that

1—¢
lexdgmax{ |7 V), |17 + (L1 + S1 — 2}

—Si81]F < (1—S151)
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in case of |c1| # 0 and k = 0 otherwise. Similarly we choose 7 sufficiently large
such that

1—c¢

\—5252|m <
|ealdgmax{|r{?], |7{? + (L2 + S2 — 2)AP|}

(1= S282)

in case of |ca| # 0 and 7 = 0 otherwise. With this choice of k and 77 we obtain

1—¢€

1B <=

which together with (14) implies that the right side of (13) is an odd integer plus
something < 1 in absolute values. Consequently (11) does not have any solution
A1, A2. However, since (11) followed from our assumptions, this means that we
have a contradiction. Consequently it is not possible that £5 € I for any N, which
means that I does not contain any point of (§5)nen. This completes the proof of
Theorem 1.

We continue with the proof of Theorem 2. Let b = ged(L1, 51, L2, S2) > 1 and
let t%l), lng), tg), 153) be defined as in the proof of Theorem 1. Note that b divides
t%l),lg),tg),lf) for all n > 1. Now consider the interval I = [0, 1) x [82,2082).
Note that 282 < 1 since by ged(Li, S1, L2,S2) > 1 it follows that Ly > 2. Tt

follows from Lemma 5 that we can write every N7 for which gijf,Sl € [0,51) as

N1 =0+ Altgl) + Bllgl) and every N2 for which fILV;’Sz € [B2,202) as No =

14+ A2t§2) + 82152) for appropriate integers A1, B1, A2, Ba. Hence we obtain for
every Ni, N2 that N1 = 0 mod b and N2 = 1 mod b, respectively. Consequently
no point of the two-dimensional LS-sequence can be contained in I. This proves
Theorem 2.
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