
Beispiel 20

December 15, 2009

1 Computermathematik (für Informatik)

4. Übungsblatt (Musterlösung)
9. 12. 2009
Die heutigen Übungen sollen mit dem Computeralgebrasystem Sage gelöst werden.
Die Lösung der Beispiele soll auf möglichst kompakte Weise erfolgen. Wenn zum Beispiel eine Funktion
für mehrere Werte berechnet werden soll, soll das mittels einer geeigneten Schleifen oder Listen Operation
erfolgen, und nicht alle Werte einzeln eingetippt werden.
Zwischenergebnisse welche in einem weiteren Berechnungsschritt benötigt werden, sollen in eine Variable
gespeichert und weiterverwendet werden (nicht neu eintippen).

Beispiel 20

Die Legendre-Polynome sind definiert durch die Rekursionsformel:
L0(x) = 1, L1(x) = x und für n > 1:

(n + 1)Ln+1(x) = (2n + 1)xLn(x)− nLn−1(x)

Schreiben Sie eine Funktion legendre(n) die das n -te Legendre-Polynom berechnet.

(a) Berechnen Sie die ersten 10 Legendre-Polynome.

(b) Schreiben Sie eine Tabelle der ersten 10 Legendre-Polynome in die Datei tabelle.tex. Schreiben Sie
ein LaTeX-Dokument legendre.tex welches die Datei tabelle.tex inkludiert und die Tabelle ausgibt.
Das Ergebnis soll ungefähr folgendermassen aussehen:

L0(x) = 1
L1(x) = x

...

(c) Erzeugen Sie den Graphen der Legendre-Polynome L0(x), . . . , L5(x) (alle Polynome sollen gemeinsam
in ein Bild gezeichnet werden).

(d) Finden Sie heraus wie man aus Sage Grafiken in eine PDF-Datei exportieren kann. Exportieren Sie
den Graphen aus Punkt (c), und binden Sie in das Dokument legendre.tex ein.

(e) Berechnen Sie legendre(200).
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Computermathematik (für Informatik)




4. Übungsblatt (Musterlösung)
 9. 12. 2009




Die heutigen Übungen sollen mit dem Computeralgebrasystem Sage gelöst werden.




Die Lösung der Beispiele soll auf möglichst kompakte Weise erfolgen. Wenn zum Beispiel eine Funktion für mehrere Werte berechnet werden soll, soll das mittels einer geeigneten Schleifen oder Listen Operation erfolgen, und nicht alle Werte einzeln eingetippt werden.




Zwischenergebnisse welche in einem weiteren Berechnungsschritt benötigt werden, sollen in eine Variable gespeichert und weiterverwendet werden (nicht neu eintippen).




Beispiel 20




Die Legendre-Polynome sind definiert durch die Rekursionsformel:




$L_0(x) = 1$,  $L_1(x) = x$ und für $n > 1$: $$
(n+1)L_{n+1}(x) = (2n+1)x L_n(x)-n L_{n-1}(x)
$$




Schreiben Sie eine Funktion legendre(n) die das $n$-te Legendre-Polynom berechnet.





				 Berechnen Sie die ersten 10 Legendre-Polynome.




				 Schreiben Sie eine Tabelle der ersten 10 Legendre-Polynome in die Datei tabelle.tex. Schreiben Sie ein LaTeX-Dokument legendre.tex welches die Datei tabelle.tex inkludiert und die Tabelle ausgibt. Das Ergebnis soll ungefähr folgendermassen aussehen:
$$\begin{align*} L_0(x) &= 1\\ L_1(x) &= x\\        &\vdots \end{align*}$$






				 Erzeugen Sie den Graphen der Legendre-Polynome $L_0(x),\cdots, L_5(x)$ (alle Polynome sollen gemeinsam in ein Bild gezeichnet werden). 




				 Finden Sie heraus wie man aus Sage Grafiken in eine PDF-Datei exportieren kann. Exportieren Sie den Graphen aus Punkt 3, und binden Sie in das Dokument legendre.tex ein. 




				Berechnen Sie legendre(200).









Iterative Lösung





{{{id=430|
def legendre(n):
    if n == 0:
        return 1

    l_old, l_new = 1, x

    for i in xrange(1, n):
        l_old, l_new = l_new, (2*i+1)/(i+1) * x * l_new - i/(i+1) * l_old

    return l_new
///
}}}

{{{id=436|
time p = legendre(200)
///
Time: CPU 0.42 s, Wall: 0.43 s
}}}

Rekursive Lösung (sehr langsam)





{{{id=434|
P. = QQ[]

def legendre(n):
  if n == 0:
    return 1
  if n == 1:
    return x
  else:
    return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))
///
}}}

{{{id=435|
time p = legendre(10)
///
Time: CPU 0.03 s, Wall: 0.03 s
}}}

{{{id=437|
time p = legendre(20)
///
Time: CPU 3.40 s, Wall: 3.40 s
}}}

{{{id=441|
time p = legendre(22)
///
Time: CPU 8.87 s, Wall: 8.87 s
}}}

Eine direkte rekursive Implementation hat exponentielle Laufzeit, und ist somit unbrauchbar.





Rekursive Lösung mit Memoization:





{{{id=438|
P. = QQ[]

legendre_cache = {}

def legendre(n):

    def legendre_local(n):
        if n not in legendre_cache:
            legendre_cache[n] = legendre(n)
        return legendre_cache[n]

    if n == 0:
        return P(1)
    if n == 1:
        return x
    else:
        return 1/n*((2*n-1)*x*legendre_local(n-1) - (n-1)*legendre_local(n-2))
///
}}}

{{{id=440|
time p = legendre(30)
///
Time: CPU 0.01 s, Wall: 0.01 s
}}}

Rekursive Lösung mit Memoization Decorator





{{{id=427|
def remember(f, cache = {}):
    def g(*args):
        key = (f, tuple(args))
        if key not in cache:
            cache[key] = f(*args)
        return cache[key]
    return g
///
}}}

{{{id=428|
P. = QQ[]

@remember
def legendre(n):
    if n == 0:
        return P(1)
    if n == 1:
        return x
    else:
        return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))
///
}}}

{{{id=429|
time p = legendre(200)
///
Time: CPU 0.13 s, Wall: 0.13 s
}}}

Es gibt einen Memoization decorator auch vordefiniert in Sage.





{{{id=179|
P. = QQ[]

from sage.misc.all import cached_function

@cached_function
def legendre(n):
  if n == 0:
    return P(1)
  if n == 1:
    return x
  else:
    return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))
///
}}}

{{{id=172|
html.table([legendre(i)] for i in range(10))
///





				1






				x






				\frac{3}{2} x^{2} - \frac{1}{2}






				\frac{5}{2} x^{3} - \frac{3}{2} x






				\frac{35}{8} x^{4} - \frac{15}{4} x^{2} + \frac{3}{8}






				\frac{63}{8} x^{5} - \frac{35}{4} x^{3} + \frac{15}{8} x






				\frac{231}{16} x^{6} - \frac{315}{16} x^{4} + \frac{105}{16} x^{2} - \frac{5}{16}






				\frac{429}{16} x^{7} - \frac{693}{16} x^{5} + \frac{315}{16} x^{3} - \frac{35}{16} x






				\frac{6435}{128} x^{8} - \frac{3003}{32} x^{6} + \frac{3465}{64} x^{4} - \frac{315}{32} x^{2} + \frac{35}{128}






				\frac{12155}{128} x^{9} - \frac{6435}{32} x^{7} + \frac{9009}{64} x^{5} - \frac{1155}{32} x^{3} + \frac{315}{128} x














}}}

{{{id=424|
datei = open("tabelle.tex", 'w')
datei.write("\\begin{align*}\n")
for i in [0..10]:
  datei.write("T_{%d}(x) &= %s \\\\\n" % (i, latex(legendre(i))))
datei.write("\\end{align*}\n")
datei.close()
///
}}}

{{{id=180|
g = Graphics()
for i in [0..5]:
  g = g + legendre(i).plot(-1, 1, hue = i/6)

g.show()
///
[image: ]
}}}

{{{id=425|
g.save('legendre.pdf')
///
}}}

{{{id=442|

///
}}}
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Die heutigen Übungen sollen mit dem Computeralgebrasystem Sage gelöst werden.




Die Lösung der Beispiele soll auf möglichst kompakte Weise erfolgen. Wenn zum Beispiel eine Funktion für mehrere Werte berechnet werden soll, soll das mittels einer geeigneten Schleifen oder Listen Operation erfolgen, und nicht alle Werte einzeln eingetippt werden.




Zwischenergebnisse welche in einem weiteren Berechnungsschritt benötigt werden, sollen in eine Variable gespeichert und weiterverwendet werden (nicht neu eintippen).




Beispiel 20




Die Legendre-Polynome sind definiert durch die Rekursionsformel:




$L_0(x) = 1$,  $L_1(x) = x$ und für $n > 1$: $$
(n+1)L_{n+1}(x) = (2n+1)x L_n(x)-n L_{n-1}(x)
$$




Schreiben Sie eine Funktion legendre(n) die das $n$-te Legendre-Polynom berechnet.





				 Berechnen Sie die ersten 10 Legendre-Polynome.




				 Schreiben Sie eine Tabelle der ersten 10 Legendre-Polynome in die Datei tabelle.tex. Schreiben Sie ein LaTeX-Dokument legendre.tex welches die Datei tabelle.tex inkludiert und die Tabelle ausgibt. Das Ergebnis soll ungefähr folgendermassen aussehen:
$$\begin{align*} L_0(x) &= 1\\ L_1(x) &= x\\        &\vdots \end{align*}$$






				 Erzeugen Sie den Graphen der Legendre-Polynome $L_0(x),\cdots, L_5(x)$ (alle Polynome sollen gemeinsam in ein Bild gezeichnet werden). 




				 Finden Sie heraus wie man aus Sage Grafiken in eine PDF-Datei exportieren kann. Exportieren Sie den Graphen aus Punkt 3, und binden Sie in das Dokument legendre.tex ein. 




				Berechnen Sie legendre(200).









Iterative Lösung





{{{id=430|
def legendre(n):
    if n == 0:
        return 1

    l_old, l_new = 1, x

    for i in xrange(1, n):
        l_old, l_new = l_new, (2*i+1)/(i+1) * x * l_new - i/(i+1) * l_old

    return l_new
///
}}}

{{{id=436|
time p = legendre(200)
///
Time: CPU 0.42 s, Wall: 0.43 s
}}}

Rekursive Lösung (sehr langsam)





{{{id=434|
P. = QQ[]

def legendre(n):
  if n == 0:
    return 1
  if n == 1:
    return x
  else:
    return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))
///
}}}

{{{id=435|
time p = legendre(10)
///
Time: CPU 0.03 s, Wall: 0.03 s
}}}

{{{id=437|
time p = legendre(20)
///
Time: CPU 3.40 s, Wall: 3.40 s
}}}

{{{id=441|
time p = legendre(22)
///
Time: CPU 8.87 s, Wall: 8.87 s
}}}

Eine direkte rekursive Implementation hat exponentielle Laufzeit, und ist somit unbrauchbar.





Rekursive Lösung mit Memoization:





{{{id=438|
P. = QQ[]

legendre_cache = {}

def legendre(n):

    def legendre_local(n):
        if n not in legendre_cache:
            legendre_cache[n] = legendre(n)
        return legendre_cache[n]

    if n == 0:
        return P(1)
    if n == 1:
        return x
    else:
        return 1/n*((2*n-1)*x*legendre_local(n-1) - (n-1)*legendre_local(n-2))
///
}}}

{{{id=440|
time p = legendre(30)
///
Time: CPU 0.01 s, Wall: 0.01 s
}}}

Rekursive Lösung mit Memoization Decorator





{{{id=427|
def remember(f, cache = {}):
    def g(*args):
        key = (f, tuple(args))
        if key not in cache:
            cache[key] = f(*args)
        return cache[key]
    return g
///
}}}

{{{id=428|
P. = QQ[]

@remember
def legendre(n):
    if n == 0:
        return P(1)
    if n == 1:
        return x
    else:
        return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))
///
}}}

{{{id=429|
time p = legendre(200)
///
Time: CPU 0.13 s, Wall: 0.13 s
}}}

Es gibt einen Memoization decorator auch vordefiniert in Sage.





{{{id=179|
P. = QQ[]

from sage.misc.all import cached_function

@cached_function
def legendre(n):
  if n == 0:
    return P(1)
  if n == 1:
    return x
  else:
    return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))
///
}}}

{{{id=172|
html.table([legendre(i)] for i in range(10))
///





				1






				x






				\frac{3}{2} x^{2} - \frac{1}{2}






				\frac{5}{2} x^{3} - \frac{3}{2} x






				\frac{35}{8} x^{4} - \frac{15}{4} x^{2} + \frac{3}{8}






				\frac{63}{8} x^{5} - \frac{35}{4} x^{3} + \frac{15}{8} x






				\frac{231}{16} x^{6} - \frac{315}{16} x^{4} + \frac{105}{16} x^{2} - \frac{5}{16}






				\frac{429}{16} x^{7} - \frac{693}{16} x^{5} + \frac{315}{16} x^{3} - \frac{35}{16} x






				\frac{6435}{128} x^{8} - \frac{3003}{32} x^{6} + \frac{3465}{64} x^{4} - \frac{315}{32} x^{2} + \frac{35}{128}






				\frac{12155}{128} x^{9} - \frac{6435}{32} x^{7} + \frac{9009}{64} x^{5} - \frac{1155}{32} x^{3} + \frac{315}{128} x














}}}

{{{id=424|
datei = open("tabelle.tex", 'w')
datei.write("\\begin{align*}\n")
for i in [0..10]:
  datei.write("T_{%d}(x) &= %s \\\\\n" % (i, latex(legendre(i))))
datei.write("\\end{align*}\n")
datei.close()
///
}}}

{{{id=180|
g = Graphics()
for i in [0..5]:
  g = g + legendre(i).plot(-1, 1, hue = i/6)

g.show()
///
[image: ]
}}}

{{{id=425|
g.save('legendre.pdf')
///
}}}

{{{id=442|

///
}}}
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sage_worksheet/cells/424/tabelle.tex


\begin{align*}
T_{0}(x) &= 1 \\
T_{1}(x) &= x \\
T_{2}(x) &= \frac{3}{2} x^{2} - \frac{1}{2} \\
T_{3}(x) &= \frac{5}{2} x^{3} - \frac{3}{2} x \\
T_{4}(x) &= \frac{35}{8} x^{4} - \frac{15}{4} x^{2} + \frac{3}{8} \\
T_{5}(x) &= \frac{63}{8} x^{5} - \frac{35}{4} x^{3} + \frac{15}{8} x \\
T_{6}(x) &= \frac{231}{16} x^{6} - \frac{315}{16} x^{4} + \frac{105}{16} x^{2} - \frac{5}{16} \\
T_{7}(x) &= \frac{429}{16} x^{7} - \frac{693}{16} x^{5} + \frac{315}{16} x^{3} - \frac{35}{16} x \\
T_{8}(x) &= \frac{6435}{128} x^{8} - \frac{3003}{32} x^{6} + \frac{3465}{64} x^{4} - \frac{315}{32} x^{2} + \frac{35}{128} \\
T_{9}(x) &= \frac{12155}{128} x^{9} - \frac{6435}{32} x^{7} + \frac{9009}{64} x^{5} - \frac{1155}{32} x^{3} + \frac{315}{128} x \\
T_{10}(x) &= \frac{46189}{256} x^{10} - \frac{109395}{256} x^{8} + \frac{45045}{128} x^{6} - \frac{15015}{128} x^{4} + \frac{3465}{256} x^{2} - \frac{63}{256} \\
\end{align*}
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sage_worksheet/cells/88/tabelle.tex


\begin{align*}
T_{0}(x) &= 1 \\
T_{1}(x) &= x \\
T_{2}(x) &= 2 x^{2} - 1 \\
T_{3}(x) &= 4 x^{3} - 3 x \\
T_{4}(x) &= 8 x^{4} - 8 x^{2} + 1 \\
T_{5}(x) &= 16 x^{5} - 20 x^{3} + 5 x \\
T_{6}(x) &= 32 x^{6} - 48 x^{4} + 18 x^{2} - 1 \\
T_{7}(x) &= 64 x^{7} - 112 x^{5} + 56 x^{3} - 7 x \\
T_{8}(x) &= 128 x^{8} - 256 x^{6} + 160 x^{4} - 32 x^{2} + 1 \\
T_{9}(x) &= 256 x^{9} - 576 x^{7} + 432 x^{5} - 120 x^{3} + 9 x \\
T_{10}(x) &= 512 x^{10} - 1280 x^{8} + 1120 x^{6} - 400 x^{4} + 50 x^{2} - 1 \\
\end{align*}
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sage_worksheet/cells/148/__home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx.c


/* Generated by Cython 0.9.8.1.1 on Tue Nov 11 16:14:02 2008 */

#define PY_SSIZE_T_CLEAN
#include "Python.h"
#include "structmember.h"
#ifndef PY_LONG_LONG
  #define PY_LONG_LONG LONG_LONG
#endif
#ifndef DL_EXPORT
  #define DL_EXPORT(t) t
#endif
#if PY_VERSION_HEX < 0x02040000
  #define METH_COEXIST 0
#endif
#if PY_VERSION_HEX < 0x02050000
  typedef int Py_ssize_t;
  #define PY_SSIZE_T_MAX INT_MAX
  #define PY_SSIZE_T_MIN INT_MIN
  #define PyInt_FromSsize_t(z) PyInt_FromLong(z)
  #define PyInt_AsSsize_t(o)   PyInt_AsLong(o)
  #define PyNumber_Index(o)    PyNumber_Int(o)
  #define PyIndex_Check(o)     PyNumber_Check(o)
#endif
#if PY_VERSION_HEX < 0x02060000
  #define Py_REFCNT(ob) (((PyObject*)(ob))->ob_refcnt)
  #define Py_TYPE(ob)   (((PyObject*)(ob))->ob_type)
  #define Py_SIZE(ob)   (((PyVarObject*)(ob))->ob_size)
  #define PyVarObject_HEAD_INIT(type, size) \
          PyObject_HEAD_INIT(type) size,
  #define PyType_Modified(t)

  typedef struct {
       void *buf;
       Py_ssize_t len;
       int readonly;
       const char *format;
       int ndim;
       Py_ssize_t *shape;
       Py_ssize_t *strides;
       Py_ssize_t *suboffsets;
       Py_ssize_t itemsize;
       void *internal;
  } Py_buffer;

  #define PyBUF_SIMPLE 0
  #define PyBUF_WRITABLE 0x0001
  #define PyBUF_LOCK 0x0002
  #define PyBUF_FORMAT 0x0004
  #define PyBUF_ND 0x0008
  #define PyBUF_STRIDES (0x0010 | PyBUF_ND)
  #define PyBUF_C_CONTIGUOUS (0x0020 | PyBUF_STRIDES)
  #define PyBUF_F_CONTIGUOUS (0x0040 | PyBUF_STRIDES)
  #define PyBUF_ANY_CONTIGUOUS (0x0080 | PyBUF_STRIDES)
  #define PyBUF_INDIRECT (0x0100 | PyBUF_STRIDES)

#endif
#if PY_MAJOR_VERSION < 3
  #define __Pyx_BUILTIN_MODULE_NAME "__builtin__"
#else
  #define __Pyx_BUILTIN_MODULE_NAME "builtins"
#endif
#if PY_MAJOR_VERSION >= 3
  #define Py_TPFLAGS_CHECKTYPES 0
  #define Py_TPFLAGS_HAVE_INDEX 0
#endif
#if PY_MAJOR_VERSION >= 3
  #define PyBaseString_Type            PyUnicode_Type
  #define PyString_Type                PyBytes_Type
  #define PyInt_Type                   PyLong_Type
  #define PyInt_Check(op)              PyLong_Check(op)
  #define PyInt_CheckExact(op)         PyLong_CheckExact(op)
  #define PyInt_FromString             PyLong_FromString
  #define PyInt_FromUnicode            PyLong_FromUnicode
  #define PyInt_FromLong               PyLong_FromLong
  #define PyInt_FromSize_t             PyLong_FromSize_t
  #define PyInt_FromSsize_t            PyLong_FromSsize_t
  #define PyInt_AsLong                 PyLong_AsLong
  #define PyInt_AS_LONG                PyLong_AS_LONG
  #define PyInt_AsSsize_t              PyLong_AsSsize_t
  #define PyInt_AsUnsignedLongMask     PyLong_AsUnsignedLongMask
  #define PyInt_AsUnsignedLongLongMask PyLong_AsUnsignedLongLongMask
  #define __Pyx_PyNumber_Divide(x,y)         PyNumber_TrueDivide(x,y)
#else
  #define __Pyx_PyNumber_Divide(x,y)         PyNumber_Divide(x,y)
  #define PyBytes_Type                 PyString_Type
#endif
#if PY_MAJOR_VERSION >= 3
  #define PyMethod_New(func, self, klass) PyInstanceMethod_New(func)
#endif
#if !defined(WIN32) && !defined(MS_WINDOWS)
  #ifndef __stdcall
    #define __stdcall
  #endif
  #ifndef __cdecl
    #define __cdecl
  #endif
#else
  #define _USE_MATH_DEFINES
#endif
#ifdef __cplusplus
#define __PYX_EXTERN_C extern "C"
#else
#define __PYX_EXTERN_C extern
#endif
#include <math.h>
#define __PYX_HAVE_API___home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0
#include "interrupt.h"
#include "stdsage.h"
#include "stdlib.h"
#include "string.h"
#include "stdio.h"
#include "math.h"
#include "gmp.h"


#ifdef __GNUC__
#define INLINE __inline__
#elif _WIN32
#define INLINE __inline
#else
#define INLINE 
#endif

typedef struct {PyObject **p; char *s; long n; char is_unicode; char intern; char is_identifier;} __Pyx_StringTabEntry; /*proto*/



static int __pyx_skip_dispatch = 0;


/* Type Conversion Predeclarations */

#if PY_MAJOR_VERSION < 3
#define __Pyx_PyBytes_FromString PyString_FromString
#define __Pyx_PyBytes_AsString   PyString_AsString
#else
#define __Pyx_PyBytes_FromString PyBytes_FromString
#define __Pyx_PyBytes_AsString   PyBytes_AsString
#endif

#define __Pyx_PyBool_FromLong(b) ((b) ? (Py_INCREF(Py_True), Py_True) : (Py_INCREF(Py_False), Py_False))
static INLINE int __Pyx_PyObject_IsTrue(PyObject* x);
static INLINE PY_LONG_LONG __pyx_PyInt_AsLongLong(PyObject* x);
static INLINE unsigned PY_LONG_LONG __pyx_PyInt_AsUnsignedLongLong(PyObject* x);
static INLINE Py_ssize_t __pyx_PyIndex_AsSsize_t(PyObject* b);

#define __pyx_PyInt_AsLong(x) (PyInt_CheckExact(x) ? PyInt_AS_LONG(x) : PyInt_AsLong(x))
#define __pyx_PyFloat_AsDouble(x) (PyFloat_CheckExact(x) ? PyFloat_AS_DOUBLE(x) : PyFloat_AsDouble(x))

static INLINE unsigned char __pyx_PyInt_unsigned_char(PyObject* x);
static INLINE unsigned short __pyx_PyInt_unsigned_short(PyObject* x);
static INLINE char __pyx_PyInt_char(PyObject* x);
static INLINE short __pyx_PyInt_short(PyObject* x);
static INLINE int __pyx_PyInt_int(PyObject* x);
static INLINE long __pyx_PyInt_long(PyObject* x);
static INLINE signed char __pyx_PyInt_signed_char(PyObject* x);
static INLINE signed short __pyx_PyInt_signed_short(PyObject* x);
static INLINE signed int __pyx_PyInt_signed_int(PyObject* x);
static INLINE signed long __pyx_PyInt_signed_long(PyObject* x);
static INLINE long double __pyx_PyInt_long_double(PyObject* x);
#ifdef __GNUC__
/* Test for GCC > 2.95 */
#if __GNUC__ > 2 ||               (__GNUC__ == 2 && (__GNUC_MINOR__ > 95)) 
#define likely(x)   __builtin_expect(!!(x), 1)
#define unlikely(x) __builtin_expect(!!(x), 0)
#else /* __GNUC__ > 2 ... */
#define likely(x)   (x)
#define unlikely(x) (x)
#endif /* __GNUC__ > 2 ... */
#else /* __GNUC__ */
#define likely(x)   (x)
#define unlikely(x) (x)
#endif /* __GNUC__ */
    
static PyObject *__pyx_m;
static PyObject *__pyx_b;
static PyObject *__pyx_empty_tuple;
static PyObject *__pyx_i;
static int __pyx_lineno;
static int __pyx_clineno = 0;
static const char * __pyx_cfilenm= __FILE__;
static const char *__pyx_filename;
static const char **__pyx_f;

static char __pyx_mdoc[] = "File: _home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.pyx (starting at line 2)";

static PyObject *__Pyx_Import(PyObject *name, PyObject *from_list); /*proto*/

static PyObject *__Pyx_GetName(PyObject *dict, PyObject *name); /*proto*/

static void __Pyx_AddTraceback(const char *funcname); /*proto*/

static int __Pyx_InitStrings(__Pyx_StringTabEntry *t); /*proto*/

/* Type declarations */
/* Module declarations from _home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0 */

static PyObject *__pyx_f_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(int, int __pyx_skip_dispatch); /*proto*/


/* Implementation of _home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0 */
static PyObject *__pyx_int_1;
static PyObject *__pyx_int_2;
static char __pyx_k_chebyshev[] = "chebyshev";
static PyObject *__pyx_kp_chebyshev;
static char __pyx_k_1[] = "sage.rings.all";
static PyObject *__pyx_kp_1;
static char __pyx_k_QQ[] = "QQ";
static PyObject *__pyx_kp_QQ;
static char __pyx_k_PolynomialRing[] = "PolynomialRing";
static PyObject *__pyx_kp_PolynomialRing;
static char __pyx_k_2[] = "x";
static PyObject *__pyx_kp_2;
static char __pyx_k_gen[] = "gen";
static PyObject *__pyx_kp_gen;

static PyObject *__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(PyObject *__pyx_self, PyObject *__pyx_arg_n); /*proto*/
static  PyObject *__pyx_f_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(int __pyx_v_n, int __pyx_skip_dispatch) {
  PyObject *__pyx_v_P;
  PyObject *__pyx_v_x;
  PyObject *__pyx_v_cold;
  PyObject *__pyx_v_cnew;
  int __pyx_v_i;
  PyObject *__pyx_r;
  PyObject *__pyx_1 = 0;
  PyObject *__pyx_2 = 0;
  PyObject *__pyx_3 = 0;
  int __pyx_4;
  long __pyx_5;
  __pyx_v_P = Py_None; Py_INCREF(Py_None);
  __pyx_v_x = Py_None; Py_INCREF(Py_None);
  __pyx_v_cold = Py_None; Py_INCREF(Py_None);
  __pyx_v_cnew = Py_None; Py_INCREF(Py_None);
  __pyx_1 = __Pyx_GetName(__pyx_m, __pyx_kp_PolynomialRing); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_2 = __Pyx_GetName(__pyx_m, __pyx_kp_QQ); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_3 = PyTuple_New(2); if (unlikely(!__pyx_3)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  PyTuple_SET_ITEM(__pyx_3, 0, __pyx_2);
  Py_INCREF(__pyx_kp_2);
  PyTuple_SET_ITEM(__pyx_3, 1, __pyx_kp_2);
  __pyx_2 = 0;
  __pyx_2 = PyObject_Call(__pyx_1, ((PyObject *)__pyx_3), NULL); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  Py_DECREF(((PyObject *)__pyx_3)); __pyx_3 = 0;
  Py_DECREF(__pyx_v_P);
  __pyx_v_P = __pyx_2;
  __pyx_2 = 0;
  __pyx_1 = PyObject_GetAttr(__pyx_v_P, __pyx_kp_gen); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 11; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_3 = PyObject_Call(__pyx_1, ((PyObject *)__pyx_empty_tuple), NULL); if (unlikely(!__pyx_3)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 11; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  Py_DECREF(__pyx_v_x);
  __pyx_v_x = __pyx_3;
  __pyx_3 = 0;
  __pyx_4 = (__pyx_v_n == 0);
  if (__pyx_4) {
    __pyx_2 = PyTuple_New(1); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 13; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_INCREF(__pyx_int_1);
    PyTuple_SET_ITEM(__pyx_2, 0, __pyx_int_1);
    __pyx_1 = PyObject_Call(__pyx_v_P, ((PyObject *)__pyx_2), NULL); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 13; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(((PyObject *)__pyx_2)); __pyx_2 = 0;
    __pyx_r = __pyx_1;
    __pyx_1 = 0;
    goto __pyx_L0;
    goto __pyx_L3;
  }
  __pyx_L3:;
  __pyx_3 = PyTuple_New(1); if (unlikely(!__pyx_3)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 15; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_INCREF(__pyx_int_1);
  PyTuple_SET_ITEM(__pyx_3, 0, __pyx_int_1);
  __pyx_2 = PyObject_Call(__pyx_v_P, ((PyObject *)__pyx_3), NULL); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 15; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(((PyObject *)__pyx_3)); __pyx_3 = 0;
  __pyx_1 = __pyx_v_x;
  Py_INCREF(__pyx_1);
  Py_DECREF(__pyx_v_cold);
  __pyx_v_cold = __pyx_2;
  __pyx_2 = 0;
  Py_DECREF(__pyx_v_cnew);
  __pyx_v_cnew = __pyx_1;
  __pyx_1 = 0;
  __pyx_v_i = 0;
  __pyx_5 = (__pyx_v_n - 1);
  for (__pyx_v_i = 0; __pyx_v_i < __pyx_5; __pyx_v_i+=1) {
    __pyx_3 = __pyx_v_cnew;
    Py_INCREF(__pyx_3);
    __pyx_2 = __pyx_int_2;
    Py_INCREF(__pyx_2);
    __pyx_1 = PyNumber_Multiply(__pyx_2, __pyx_v_x); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 19; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(__pyx_2); __pyx_2 = 0;
    __pyx_2 = PyNumber_Multiply(__pyx_1, __pyx_v_cnew); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 19; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(__pyx_1); __pyx_1 = 0;
    __pyx_1 = PyNumber_Subtract(__pyx_2, __pyx_v_cold); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 19; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(__pyx_2); __pyx_2 = 0;
    Py_DECREF(__pyx_v_cold);
    __pyx_v_cold = __pyx_3;
    __pyx_3 = 0;
    Py_DECREF(__pyx_v_cnew);
    __pyx_v_cnew = __pyx_1;
    __pyx_1 = 0;
  }
  Py_INCREF(__pyx_v_cnew);
  __pyx_r = __pyx_v_cnew;
  goto __pyx_L0;

  __pyx_r = Py_None; Py_INCREF(Py_None);
  goto __pyx_L0;
  __pyx_L1_error:;
  Py_XDECREF(__pyx_1);
  Py_XDECREF(__pyx_2);
  Py_XDECREF(__pyx_3);
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.chebyshev");
  __pyx_r = 0;
  __pyx_L0:;
  Py_DECREF(__pyx_v_P);
  Py_DECREF(__pyx_v_x);
  Py_DECREF(__pyx_v_cold);
  Py_DECREF(__pyx_v_cnew);
  return __pyx_r;
}

static PyObject *__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(PyObject *__pyx_self, PyObject *__pyx_arg_n); /*proto*/
static char __pyx_doc_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev[] = "File: _home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.pyx (starting at line 9)";
static PyObject *__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(PyObject *__pyx_self, PyObject *__pyx_arg_n) {
  int __pyx_v_n;
  PyObject *__pyx_r;
  PyObject *__pyx_1 = 0;
  __pyx_self = __pyx_self;
  assert(__pyx_arg_n); {
    __pyx_v_n = __pyx_PyInt_int(__pyx_arg_n); if (unlikely((__pyx_v_n == (int)-1) && PyErr_Occurred())) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 9; __pyx_clineno = __LINE__; goto __pyx_L3_error;}
  }
  goto __pyx_L4;
  __pyx_L3_error:;
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.chebyshev");
  return NULL;
  __pyx_L4:;
  __pyx_1 = __pyx_f_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(__pyx_v_n, 0); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 9; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_r = __pyx_1;
  __pyx_1 = 0;
  goto __pyx_L0;

  __pyx_r = Py_None; Py_INCREF(Py_None);
  goto __pyx_L0;
  __pyx_L1_error:;
  Py_XDECREF(__pyx_1);
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.chebyshev");
  __pyx_r = NULL;
  __pyx_L0:;
  return __pyx_r;
}

static struct PyMethodDef __pyx_methods[] = {
  {"chebyshev", (PyCFunction)__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev, METH_O, __pyx_doc_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev},
  {0, 0, 0, 0}
};

static void __pyx_init_filenames(void); /*proto*/

#if PY_MAJOR_VERSION >= 3
static struct PyModuleDef __pyx_moduledef = {
    PyModuleDef_HEAD_INIT,
    "_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0",
    __pyx_mdoc, /* m_doc */
    -1, /* m_size */
    __pyx_methods /* m_methods */,
    NULL, /* m_reload */
    NULL, /* m_traverse */
    NULL, /* m_clear */
    NULL /* m_free */
};
#endif

static __Pyx_StringTabEntry __pyx_string_tab[] = {
  {&__pyx_kp_chebyshev, __pyx_k_chebyshev, sizeof(__pyx_k_chebyshev), 0, 1, 1},
  {&__pyx_kp_1, __pyx_k_1, sizeof(__pyx_k_1), 1, 1, 1},
  {&__pyx_kp_QQ, __pyx_k_QQ, sizeof(__pyx_k_QQ), 1, 1, 1},
  {&__pyx_kp_PolynomialRing, __pyx_k_PolynomialRing, sizeof(__pyx_k_PolynomialRing), 1, 1, 1},
  {&__pyx_kp_2, __pyx_k_2, sizeof(__pyx_k_2), 0, 1, 0},
  {&__pyx_kp_gen, __pyx_k_gen, sizeof(__pyx_k_gen), 1, 1, 1},
  {0, 0, 0, 0, 0, 0}
};
static int __Pyx_InitCachedBuiltins(void) {
  return 0;
  return -1;
}

static int __Pyx_InitGlobals(void) {
  __pyx_int_1 = PyInt_FromLong(1); if (unlikely(!__pyx_int_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  __pyx_int_2 = PyInt_FromLong(2); if (unlikely(!__pyx_int_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  if (__Pyx_InitStrings(__pyx_string_tab) < 0) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  return 0;
  __pyx_L1_error:;
  return -1;
}

#if PY_MAJOR_VERSION < 3
PyMODINIT_FUNC init_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0(void); /*proto*/
PyMODINIT_FUNC init_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0(void)
#else
PyMODINIT_FUNC PyInit__home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0(void); /*proto*/
PyMODINIT_FUNC PyInit__home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0(void)
#endif
{
  PyObject *__pyx_1 = 0;
  PyObject *__pyx_2 = 0;
  __pyx_empty_tuple = PyTuple_New(0); if (unlikely(!__pyx_empty_tuple)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  /*--- Libary function declarations ---*/
  __pyx_init_filenames();
  /*--- Initialize various global constants etc. ---*/
  if (unlikely(__Pyx_InitGlobals() < 0)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  /*--- Module creation code ---*/
  #if PY_MAJOR_VERSION < 3
  __pyx_m = Py_InitModule4("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0", __pyx_methods, __pyx_mdoc, 0, PYTHON_API_VERSION);
  #else
  __pyx_m = PyModule_Create(&__pyx_moduledef);
  #endif
  if (!__pyx_m) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  #if PY_MAJOR_VERSION < 3
  Py_INCREF(__pyx_m);
  #endif
  __pyx_b = PyImport_AddModule(__Pyx_BUILTIN_MODULE_NAME);
  if (!__pyx_b) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  if (PyObject_SetAttrString(__pyx_m, "__builtins__", __pyx_b) < 0) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  __pyx_i = PyImport_AddModule("sage.all");
  if (!__pyx_i) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;};
  /*--- Builtin init code ---*/
  if (unlikely(__Pyx_InitCachedBuiltins() < 0)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 2; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_skip_dispatch = 0;
  /*--- Global init code ---*/
  /*--- Function export code ---*/
  /*--- Type init code ---*/
  /*--- Type import code ---*/
  /*--- Function import code ---*/
  /*--- Execution code ---*/
  init_csage();
  __pyx_1 = PyList_New(1); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_INCREF(__pyx_kp_QQ);
  PyList_SET_ITEM(__pyx_1, 0, __pyx_kp_QQ);
  __pyx_2 = __Pyx_Import(__pyx_kp_1, ((PyObject *)__pyx_1)); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(((PyObject *)__pyx_1)); __pyx_1 = 0;
  __pyx_1 = PyObject_GetAttr(__pyx_2, __pyx_kp_QQ); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  if (PyObject_SetAttr(__pyx_m, __pyx_kp_QQ, __pyx_1) < 0) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  Py_DECREF(__pyx_2); __pyx_2 = 0;
  __pyx_2 = PyList_New(1); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_INCREF(__pyx_kp_PolynomialRing);
  PyList_SET_ITEM(__pyx_2, 0, __pyx_kp_PolynomialRing);
  __pyx_1 = __Pyx_Import(__pyx_kp_1, ((PyObject *)__pyx_2)); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(((PyObject *)__pyx_2)); __pyx_2 = 0;
  __pyx_2 = PyObject_GetAttr(__pyx_1, __pyx_kp_PolynomialRing); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  if (PyObject_SetAttr(__pyx_m, __pyx_kp_PolynomialRing, __pyx_2) < 0) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_2); __pyx_2 = 0;
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  #if PY_MAJOR_VERSION < 3
  return;
  #else
  return __pyx_m;
  #endif
  __pyx_L1_error:;
  Py_XDECREF(__pyx_1);
  Py_XDECREF(__pyx_2);
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0");
  #if PY_MAJOR_VERSION >= 3
  return NULL;
  #endif
}

static const char *__pyx_filenames[] = {
  "_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.pyx",
};

/* Runtime support code */

static void __pyx_init_filenames(void) {
  __pyx_f = __pyx_filenames;
}

static PyObject *__Pyx_Import(PyObject *name, PyObject *from_list) {
    PyObject *__import__ = 0;
    PyObject *empty_list = 0;
    PyObject *module = 0;
    PyObject *global_dict = 0;
    PyObject *empty_dict = 0;
    PyObject *list;
    __import__ = PyObject_GetAttrString(__pyx_b, "__import__");
    if (!__import__)
        goto bad;
    if (from_list)
        list = from_list;
    else {
        empty_list = PyList_New(0);
        if (!empty_list)
            goto bad;
        list = empty_list;
    }
    global_dict = PyModule_GetDict(__pyx_m);
    if (!global_dict)
        goto bad;
    empty_dict = PyDict_New();
    if (!empty_dict)
        goto bad;
    module = PyObject_CallFunction(__import__, "OOOO",
        name, global_dict, empty_dict, list);
bad:
    Py_XDECREF(empty_list);
    Py_XDECREF(__import__);
    Py_XDECREF(empty_dict);
    return module;
}

static PyObject *__Pyx_GetName(PyObject *dict, PyObject *name) {
    PyObject *result;
    result = PyObject_GetAttr(dict, name);
    if (!result)
        PyErr_SetObject(PyExc_NameError, name);
    return result;
}

#include "compile.h"
#include "frameobject.h"
#include "traceback.h"

static void __Pyx_AddTraceback(const char *funcname) {
    PyObject *py_srcfile = 0;
    PyObject *py_funcname = 0;
    PyObject *py_globals = 0;
    PyObject *empty_string = 0;
    PyCodeObject *py_code = 0;
    PyFrameObject *py_frame = 0;

    #if PY_MAJOR_VERSION < 3
    py_srcfile = PyString_FromString(__pyx_filename);
    #else
    py_srcfile = PyUnicode_FromString(__pyx_filename);
    #endif
    if (!py_srcfile) goto bad;
    if (__pyx_clineno) {
        #if PY_MAJOR_VERSION < 3
        py_funcname = PyString_FromFormat( "%s (%s:%d)", funcname, __pyx_cfilenm, __pyx_clineno);
        #else
        py_funcname = PyUnicode_FromFormat( "%s (%s:%d)", funcname, __pyx_cfilenm, __pyx_clineno);
        #endif
    }
    else {
        #if PY_MAJOR_VERSION < 3
        py_funcname = PyString_FromString(funcname);
        #else
        py_funcname = PyUnicode_FromString(funcname);
        #endif
    }
    if (!py_funcname) goto bad;
    py_globals = PyModule_GetDict(__pyx_m);
    if (!py_globals) goto bad;
    #if PY_MAJOR_VERSION < 3
    empty_string = PyString_FromStringAndSize("", 0);
    #else
    empty_string = PyBytes_FromStringAndSize("", 0);
    #endif
    if (!empty_string) goto bad;
    py_code = PyCode_New(
        0,            /*int argcount,*/
        #if PY_MAJOR_VERSION >= 3
        0,            /*int kwonlyargcount,*/
        #endif
        0,            /*int nlocals,*/
        0,            /*int stacksize,*/
        0,            /*int flags,*/
        empty_string, /*PyObject *code,*/
        __pyx_empty_tuple,  /*PyObject *consts,*/
        __pyx_empty_tuple,  /*PyObject *names,*/
        __pyx_empty_tuple,  /*PyObject *varnames,*/
        __pyx_empty_tuple,  /*PyObject *freevars,*/
        __pyx_empty_tuple,  /*PyObject *cellvars,*/
        py_srcfile,   /*PyObject *filename,*/
        py_funcname,  /*PyObject *name,*/
        __pyx_lineno,   /*int firstlineno,*/
        empty_string  /*PyObject *lnotab*/
    );
    if (!py_code) goto bad;
    py_frame = PyFrame_New(
        PyThreadState_Get(), /*PyThreadState *tstate,*/
        py_code,             /*PyCodeObject *code,*/
        py_globals,          /*PyObject *globals,*/
        0                    /*PyObject *locals*/
    );
    if (!py_frame) goto bad;
    py_frame->f_lineno = __pyx_lineno;
    PyTraceBack_Here(py_frame);
bad:
    Py_XDECREF(py_srcfile);
    Py_XDECREF(py_funcname);
    Py_XDECREF(empty_string);
    Py_XDECREF(py_code);
    Py_XDECREF(py_frame);
}

static int __Pyx_InitStrings(__Pyx_StringTabEntry *t) {
    while (t->p) {
        #if PY_MAJOR_VERSION < 3
        if (t->is_unicode && (!t->is_identifier)) {
            *t->p = PyUnicode_DecodeUTF8(t->s, t->n - 1, NULL);
        } else if (t->intern) {
            *t->p = PyString_InternFromString(t->s);
        } else {
            *t->p = PyString_FromStringAndSize(t->s, t->n - 1);
        }
        #else  /* Python 3+ has unicode identifiers */
        if (t->is_identifier || (t->is_unicode && t->intern)) {
            *t->p = PyUnicode_InternFromString(t->s);
        } else if (t->is_unicode) {
            *t->p = PyUnicode_FromStringAndSize(t->s, t->n - 1);
        } else {
            *t->p = PyBytes_FromStringAndSize(t->s, t->n - 1);
        }
        #endif
        if (!*t->p)
            return -1;
        ++t;
    }
    return 0;
}

/* Type Conversion Functions */

static INLINE Py_ssize_t __pyx_PyIndex_AsSsize_t(PyObject* b) {
  Py_ssize_t ival;
  PyObject* x = PyNumber_Index(b);
  if (!x) return -1;
  ival = PyInt_AsSsize_t(x);
  Py_DECREF(x);
  return ival;
}

static INLINE int __Pyx_PyObject_IsTrue(PyObject* x) {
   if (x == Py_True) return 1;
   else if (x == Py_False) return 0;
   else return PyObject_IsTrue(x);
}

static INLINE PY_LONG_LONG __pyx_PyInt_AsLongLong(PyObject* x) {
    if (PyInt_CheckExact(x)) {
        return PyInt_AS_LONG(x);
    }
    else if (PyLong_CheckExact(x)) {
        return PyLong_AsLongLong(x);
    }
    else {
        PY_LONG_LONG val;
        PyObject* tmp = PyNumber_Int(x); if (!tmp) return (PY_LONG_LONG)-1;
        val = __pyx_PyInt_AsLongLong(tmp);
        Py_DECREF(tmp);
        return val;
    }
}

static INLINE unsigned PY_LONG_LONG __pyx_PyInt_AsUnsignedLongLong(PyObject* x) {
    if (PyInt_CheckExact(x)) {
        long val = PyInt_AS_LONG(x);
        if (unlikely(val < 0)) {
            PyErr_SetString(PyExc_TypeError, "Negative assignment to unsigned type.");
            return (unsigned PY_LONG_LONG)-1;
        }
        return val;
    }
    else if (PyLong_CheckExact(x)) {
        return PyLong_AsUnsignedLongLong(x);
    }
    else {
        PY_LONG_LONG val;
        PyObject* tmp = PyNumber_Int(x); if (!tmp) return (PY_LONG_LONG)-1;
        val = __pyx_PyInt_AsUnsignedLongLong(tmp);
        Py_DECREF(tmp);
        return val;
    }
}


static INLINE unsigned char __pyx_PyInt_unsigned_char(PyObject* x) {
    if (sizeof(unsigned char) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        unsigned char val = (unsigned char)long_val;
        if (unlikely((val != long_val)  || (long_val < 0))) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to unsigned char");
            return (unsigned char)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE unsigned short __pyx_PyInt_unsigned_short(PyObject* x) {
    if (sizeof(unsigned short) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        unsigned short val = (unsigned short)long_val;
        if (unlikely((val != long_val)  || (long_val < 0))) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to unsigned short");
            return (unsigned short)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE char __pyx_PyInt_char(PyObject* x) {
    if (sizeof(char) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        char val = (char)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to char");
            return (char)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE short __pyx_PyInt_short(PyObject* x) {
    if (sizeof(short) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        short val = (short)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to short");
            return (short)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE int __pyx_PyInt_int(PyObject* x) {
    if (sizeof(int) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        int val = (int)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to int");
            return (int)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE long __pyx_PyInt_long(PyObject* x) {
    if (sizeof(long) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        long val = (long)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to long");
            return (long)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE signed char __pyx_PyInt_signed_char(PyObject* x) {
    if (sizeof(signed char) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        signed char val = (signed char)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to signed char");
            return (signed char)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE signed short __pyx_PyInt_signed_short(PyObject* x) {
    if (sizeof(signed short) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        signed short val = (signed short)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to signed short");
            return (signed short)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE signed int __pyx_PyInt_signed_int(PyObject* x) {
    if (sizeof(signed int) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        signed int val = (signed int)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to signed int");
            return (signed int)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE signed long __pyx_PyInt_signed_long(PyObject* x) {
    if (sizeof(signed long) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        signed long val = (signed long)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to signed long");
            return (signed long)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}

static INLINE long double __pyx_PyInt_long_double(PyObject* x) {
    if (sizeof(long double) < sizeof(long)) {
        long long_val = __pyx_PyInt_AsLong(x);
        long double val = (long double)long_val;
        if (unlikely((val != long_val) )) {
            PyErr_SetString(PyExc_OverflowError, "value too large to convert to long double");
            return (long double)-1;
        }
        return val;
    }
    else {
        return __pyx_PyInt_AsLong(x);
    }
}
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Raw output: _home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.c




 1: 








 2: include "interrupt.pxi"  # ctrl-c interrupt block support








 3: include "stdsage.pxi"  # ctrl-c interrupt block support








 4: 








 5: include "cdefs.pxi"








 6: from sage.rings.all import QQ




  __pyx_1 = PyList_New(1); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_INCREF(__pyx_kp_QQ);
  PyList_SET_ITEM(__pyx_1, 0, __pyx_kp_QQ);
  __pyx_2 = __Pyx_Import(__pyx_kp_1, ((PyObject *)__pyx_1)); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(((PyObject *)__pyx_1)); __pyx_1 = 0;
  __pyx_1 = PyObject_GetAttr(__pyx_2, __pyx_kp_QQ); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  if (PyObject_SetAttr(__pyx_m, __pyx_kp_QQ, __pyx_1) < 0) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 6; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  Py_DECREF(__pyx_2); __pyx_2 = 0;




 7: from sage.rings.all import PolynomialRing




  __pyx_2 = PyList_New(1); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_INCREF(__pyx_kp_PolynomialRing);
  PyList_SET_ITEM(__pyx_2, 0, __pyx_kp_PolynomialRing);
  __pyx_1 = __Pyx_Import(__pyx_kp_1, ((PyObject *)__pyx_2)); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(((PyObject *)__pyx_2)); __pyx_2 = 0;
  __pyx_2 = PyObject_GetAttr(__pyx_1, __pyx_kp_PolynomialRing); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  if (PyObject_SetAttr(__pyx_m, __pyx_kp_PolynomialRing, __pyx_2) < 0) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 7; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_2); __pyx_2 = 0;
  Py_DECREF(__pyx_1); __pyx_1 = 0;




 8: 








 9: cpdef chebyshev(int n):




static PyObject *__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(PyObject *__pyx_self, PyObject *__pyx_arg_n); /*proto*/
static  PyObject *__pyx_f_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(int __pyx_v_n, int __pyx_skip_dispatch) {
  PyObject *__pyx_v_P;
  PyObject *__pyx_v_x;
  PyObject *__pyx_v_cold;
  PyObject *__pyx_v_cnew;
  int __pyx_v_i;
  PyObject *__pyx_r;
  __pyx_v_P = Py_None; Py_INCREF(Py_None);
  __pyx_v_x = Py_None; Py_INCREF(Py_None);
  __pyx_v_cold = Py_None; Py_INCREF(Py_None);
  __pyx_v_cnew = Py_None; Py_INCREF(Py_None);

static PyObject *__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(PyObject *__pyx_self, PyObject *__pyx_arg_n); /*proto*/
static char __pyx_doc_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev[] = "File: _home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.pyx (starting at line 9)";
static PyObject *__pyx_pf_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(PyObject *__pyx_self, PyObject *__pyx_arg_n) {
  int __pyx_v_n;
  PyObject *__pyx_r;
  __pyx_self = __pyx_self;
  assert(__pyx_arg_n); {
    __pyx_v_n = __pyx_PyInt_int(__pyx_arg_n); if (unlikely((__pyx_v_n == (int)-1) && PyErr_Occurred())) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 9; __pyx_clineno = __LINE__; goto __pyx_L3_error;}
  }
  goto __pyx_L4;
  __pyx_L3_error:;
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.chebyshev");
  return NULL;
  __pyx_L4:;
  __pyx_1 = __pyx_f_70_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0_chebyshev(__pyx_v_n, 0); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 9; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_r = __pyx_1;
  __pyx_1 = 0;
  goto __pyx_L0;

  __pyx_r = Py_None; Py_INCREF(Py_None);
  goto __pyx_L0;
  __pyx_L1_error:;
  Py_XDECREF(__pyx_1);
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.chebyshev");
  __pyx_r = NULL;
  __pyx_L0:;
  return __pyx_r;
}
  #if PY_MAJOR_VERSION < 3
  return;
  #else
  return __pyx_m;
  #endif
  __pyx_L1_error:;
  Py_XDECREF(__pyx_1);
  Py_XDECREF(__pyx_2);
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0");
  #if PY_MAJOR_VERSION >= 3
  return NULL;
  #endif
}




 10:   P = PolynomialRing(QQ, 'x')




  __pyx_1 = __Pyx_GetName(__pyx_m, __pyx_kp_PolynomialRing); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_2 = __Pyx_GetName(__pyx_m, __pyx_kp_QQ); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_3 = PyTuple_New(2); if (unlikely(!__pyx_3)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  PyTuple_SET_ITEM(__pyx_3, 0, __pyx_2);
  Py_INCREF(__pyx_kp_2);
  PyTuple_SET_ITEM(__pyx_3, 1, __pyx_kp_2);
  __pyx_2 = 0;
  __pyx_2 = PyObject_Call(__pyx_1, ((PyObject *)__pyx_3), NULL); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 10; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  Py_DECREF(((PyObject *)__pyx_3)); __pyx_3 = 0;
  Py_DECREF(__pyx_v_P);
  __pyx_v_P = __pyx_2;
  __pyx_2 = 0;




 11:   x = P.gen()




  __pyx_1 = PyObject_GetAttr(__pyx_v_P, __pyx_kp_gen); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 11; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  __pyx_3 = PyObject_Call(__pyx_1, ((PyObject *)__pyx_empty_tuple), NULL); if (unlikely(!__pyx_3)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 11; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(__pyx_1); __pyx_1 = 0;
  Py_DECREF(__pyx_v_x);
  __pyx_v_x = __pyx_3;
  __pyx_3 = 0;




 12:   if n == 0:




  __pyx_4 = (__pyx_v_n == 0);
  if (__pyx_4) {




 13:     return P(1)




    __pyx_2 = PyTuple_New(1); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 13; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_INCREF(__pyx_int_1);
    PyTuple_SET_ITEM(__pyx_2, 0, __pyx_int_1);
    __pyx_1 = PyObject_Call(__pyx_v_P, ((PyObject *)__pyx_2), NULL); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 13; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(((PyObject *)__pyx_2)); __pyx_2 = 0;
    __pyx_r = __pyx_1;
    __pyx_1 = 0;
    goto __pyx_L0;
    goto __pyx_L3;
  }
  __pyx_L3:;




 14: 








 15:   cold, cnew = P(1), x




  __pyx_3 = PyTuple_New(1); if (unlikely(!__pyx_3)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 15; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_INCREF(__pyx_int_1);
  PyTuple_SET_ITEM(__pyx_3, 0, __pyx_int_1);
  __pyx_2 = PyObject_Call(__pyx_v_P, ((PyObject *)__pyx_3), NULL); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 15; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
  Py_DECREF(((PyObject *)__pyx_3)); __pyx_3 = 0;
  __pyx_1 = __pyx_v_x;
  Py_INCREF(__pyx_1);
  Py_DECREF(__pyx_v_cold);
  __pyx_v_cold = __pyx_2;
  __pyx_2 = 0;
  Py_DECREF(__pyx_v_cnew);
  __pyx_v_cnew = __pyx_1;
  __pyx_1 = 0;




 16: 








 17:   cdef int i = 0




  __pyx_v_i = 0;




 18:   for i in xrange(n - 1):




  __pyx_5 = (__pyx_v_n - 1);
  for (__pyx_v_i = 0; __pyx_v_i < __pyx_5; __pyx_v_i+=1) {




 19:     cold, cnew = cnew, 2 * x * cnew - cold




    __pyx_3 = __pyx_v_cnew;
    Py_INCREF(__pyx_3);
    __pyx_2 = __pyx_int_2;
    Py_INCREF(__pyx_2);
    __pyx_1 = PyNumber_Multiply(__pyx_2, __pyx_v_x); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 19; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(__pyx_2); __pyx_2 = 0;
    __pyx_2 = PyNumber_Multiply(__pyx_1, __pyx_v_cnew); if (unlikely(!__pyx_2)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 19; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(__pyx_1); __pyx_1 = 0;
    __pyx_1 = PyNumber_Subtract(__pyx_2, __pyx_v_cold); if (unlikely(!__pyx_1)) {__pyx_filename = __pyx_f[0]; __pyx_lineno = 19; __pyx_clineno = __LINE__; goto __pyx_L1_error;}
    Py_DECREF(__pyx_2); __pyx_2 = 0;
    Py_DECREF(__pyx_v_cold);
    __pyx_v_cold = __pyx_3;
    __pyx_3 = 0;
    Py_DECREF(__pyx_v_cnew);
    __pyx_v_cnew = __pyx_1;
    __pyx_1 = 0;
  }




 20:   return cnew




  Py_INCREF(__pyx_v_cnew);
  __pyx_r = __pyx_v_cnew;
  goto __pyx_L0;

  __pyx_r = Py_None; Py_INCREF(Py_None);
  goto __pyx_L0;
  __pyx_L1_error:;
  Py_XDECREF(__pyx_1);
  Py_XDECREF(__pyx_2);
  Py_XDECREF(__pyx_3);
  __Pyx_AddTraceback("_home_huss__sage_sage_notebook_worksheets_admin_99_code_sage156_spyx_0.chebyshev");
  __pyx_r = 0;
  __pyx_L0:;
  Py_DECREF(__pyx_v_P);
  Py_DECREF(__pyx_v_x);
  Py_DECREF(__pyx_v_cold);
  Py_DECREF(__pyx_v_cnew);
  return __pyx_r;
}
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sage_worksheet/cells/426/full_output.txt


Traceback (most recent call last):
  File "<stdin>", line 1, in <module>
  File "_sage_input_19.py", line 5, in <module>
    exec compile(ur'legendre(_sage_const_200 ).degree()' + '\n', '', 'single')
  File "", line 1, in <module>
    
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
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    w = self.f(*args, **kwds)
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    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
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    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
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    w = self.f(*args, **kwds)
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  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
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    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
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  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/misc/cachefunc.py", line 91, in __call__
    w = self.f(*args, **kwds)
  File "_sage_input_14.py", line 16, in legendre
  File "element.pyx", line 1195, in sage.structure.element.RingElement.__mul__ (sage/structure/element.c:10153)
  File "coerce.pyx", line 709, in sage.structure.coerce.CoercionModel_cache_maps.bin_op (sage/structure/coerce.c:6097)
  File "coerce_actions.pyx", line 337, in sage.structure.coerce_actions.LeftModuleAction._call_ (sage/structure/coerce_actions.c:5422)
  File "polynomial_element.pyx", line 312, in sage.rings.polynomial.polynomial_element.Polynomial._rmul_ (sage/rings/polynomial/polynomial_element.c:5249)
  File "element.pyx", line 1193, in sage.structure.element.RingElement.__mul__ (sage/structure/element.c:10134)
  File "polynomial_element.pyx", line 1042, in sage.rings.polynomial.polynomial_element.Polynomial._mul_ (sage/rings/polynomial/polynomial_element.c:10240)
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/rings/polynomial/polynomial_element_generic.py", line 864, in _mul_
    return self.parent()(self.__poly * right.__poly, construct=True)        
  File "parent.pyx", line 540, in sage.structure.parent.Parent.__call__ (sage/structure/parent.c:4976)
  File "coerce_maps.pyx", line 100, in sage.structure.coerce_maps.DefaultConvertMap_unique._call_with_args (sage/structure/coerce_maps.c:3530)
  File "coerce_maps.pyx", line 90, in sage.structure.coerce_maps.DefaultConvertMap_unique._call_with_args (sage/structure/coerce_maps.c:3351)
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/rings/polynomial/polynomial_ring.py", line 312, in _element_constructor_
    return C(self, x, check, is_gen, construct=construct, **kwds)
  File "/local/data/huss/software/sage-4.3.rc0/local/lib/python2.6/site-packages/sage/rings/polynomial/polynomial_element_generic.py", line 612, in __init__
    Polynomial.__init__(self, parent, is_gen=is_gen)
RuntimeError: maximum recursion depth exceeded while calling a Python object
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Iterative Lösung
Sage code

def legendre(n):
if n == 0:

return 1

l_old, l_new = 1, x

for i in xrange(1, n):
l_old, l_new = l_new, (2*i+1)/(i+1) * x * l_new - i/(i+1) * l_old

return l_new

Sage code
time p = legendre(200)

Time: CPU 0.42 s, Wall: 0.43 s

Rekursive Lösung (sehr langsam)
Sage code

P.<x> = QQ[]

def legendre(n):
if n == 0:
return 1

if n == 1:
return x

else:
return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))

Sage code
time p = legendre(10)

Time: CPU 0.03 s, Wall: 0.03 s

Sage code
time p = legendre(20)

Time: CPU 3.40 s, Wall: 3.40 s

Sage code
time p = legendre(22)

Time: CPU 8.87 s, Wall: 8.87 s

Eine direkte rekursive Implementation hat exponentielle Laufzeit, und ist somit unbrauchbar.

Rekursive Lösung mit Memoization:
Sage code

P.<x> = QQ[]

legendre_cache = {}

def legendre(n):

def legendre_local(n):
if n not in legendre_cache:

legendre_cache[n] = legendre(n)
return legendre_cache[n]
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if n == 0:
return P(1)

if n == 1:
return x

else:
return 1/n*((2*n-1)*x*legendre_local(n-1) - (n-1)*legendre_local(n-2))

Sage code
time p = legendre(30)

Time: CPU 0.01 s, Wall: 0.01 s

Rekursive Lösung mit Memoization Decorator
Sage code

def remember(f, cache = {}):
def g(*args):

key = (f, tuple(args))
if key not in cache:

cache[key] = f(*args)
return cache[key]

return g

Sage code
P.<x> = QQ[]

@remember
def legendre(n):

if n == 0:
return P(1)

if n == 1:
return x

else:
return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))

Sage code
time p = legendre(200)

Time: CPU 0.13 s, Wall: 0.13 s

Es gibt einen Memoization decorator auch vordefiniert in Sage.
Sage code

P.<x> = QQ[]

from sage.misc.all import cached_function

@cached_function
def legendre(n):
if n == 0:
return P(1)

if n == 1:
return x

else:
return 1/n*((2*n - 1) * x * legendre(n - 1) - (n-1)*legendre(n - 2))

Sage code
html.table([legendre(i)] for i in range(10))
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Sage code
datei = open("tabelle.tex", ’w’)
datei.write("\\begin{align*}\n")
for i in [0..10]:
datei.write("T_{%d }(x) &= %s \\\\\n" % (i, latex(legendre(i))))

datei.write("\\end{align*}\n")
datei.close()

Sage code
g = Graphics()
for i in [0..5]:
g = g + legendre(i).plot(-1, 1, hue = i/6)

g.show()
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Sage code
g.save(’legendre.pdf’)
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