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Let µ be the Möbius function and ' be the Euler function.

1. (2 points) Let A

n

be the number of positive integers up to n which are square-free. Show that
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where {x} denotes the fractional part of x. i.e. {x} = x°bxc. Recall that we showed in lectures that

the last equality holds. Hint: Show that µ2

(n)=P
k

2|nµ(k).

2. (2 points) Let (a
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)
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for all m,n 2N.

Show that there exists lim
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(which can be 1).

3. (2 points) Suppose we have beads of n different colors. Let N(m,n) be the number of different ways

to string them into circular necklaces of length m. Show that
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Recall that in lectures we showed that
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4. (2 points) Find a closed formula for the number a

n

of sequences of 0’s and 1’s of length n with no

two consecutive 1’s and for which a run of 0’s always has length 2 or 3 (including possibly at the

beginning or end of the sequence).
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6. (2 points) Let (F

n

)

n

denote the sequence of Fibonacci numbers. Show that if m | n, then F
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| F
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.

Conclude that if n ∏ 5 and F

n

is a prime, then n is a prime.

7. (1 point) Let a(r,n) denote the number of solutions of the equation x
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8. (2 points) Show that there exists a sequence (a
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µ N in which every positive integer appears

exactly once and for any n 2N we have that a

0

+a

1

+·· ·+a

n°1

is a multiple of n.

9. (1 point) Find a closed formula for a
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