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Let p be the Mobius function, ¢ be the Euler function and { the Riemann zeta function.

1. (a) (1 point) Show that } 4, u(d) =0 for n € N with n > 1.
(b) (1 point) Show that u(n)u(n + Du(n +2)u(n +3) =0 for any n € N.

(c) (2 points) Show that for any real x = 1 we have
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(d) (2 points) Show that for any real x = 1 we have
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2. (1 point) Show that } 4, ¢(d) =n with d,n € N.

3. (1 point) Show that the product of Dirichlet series of two arithmetical functions f and g is the
Dirichlet series of the convolution of f and g.

4. (2 points) Show that for any complex number s with the real part > 1 we have
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5. (2 points) Show that for any complex number s with the real part > 2 we have
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6. (2 points) Let a :N — C be an arbitrary sequence of complex numbers, and let

A(x):= ) a(n), A(0)=0,

n=x

be the associated summatory function. Show Abel’s identity, which states that for any continuously
differentiable function f :[x,y] — C, 0 < y <x we have

> a(n)f(n)=A(x)f(x)—A(y)f(y)—/ AWf'(t)dt.
y
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7. (2 points) Let p, be the n-th prime. Show that the Prime Number Theorem implies
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8. (2 extra points) Show that the series
Z 1
p prime p
diverges.
Hint: Either use Abel’s identity and Prime Number Theorem or assume to the contrary and deduce

that the series Y log(1 — p~®) converges uniformly for 1 < ¢ <2, where o := R(s) is the real part of s.
9. (2 extra points) Show that ), -, u(n) = o(x), that is that }_, <, p(n)/x — 0 when x — oco.

10. (1 extra points) Let p, be the n-th prime. Assume that
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and show that the Prime Number Theorem holds.
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