VARIANTS OF THE FILBERT MATRIX
EMRAH KILIC AND HELMUT PRODINGER

ABSTRACT. A variation of the Filbert matrix from [1] is intro-
duced, which has one additional Fibonacci factor in the numerator.
We also introduce its Lucas counterpart by taking Lucas numbers
instead of Fibonacci numbers in a similar manner. Explicit for-
mule are derived for the LU-decompositions, their inverses, the
inverse matrix, as well as the Cholesky decompositions. The ap-
proach is to use g-analysis and to guess the relevant quantities, and
proving them later by induction.

1. INTRODUCTION
The Filbert matrix H,, = (lvzw)n s defined by fvzij =L asan

i,j= Fiy; 1
analogue of the Hilbert matrix Whére F,, is the nth Fibonachrij number.
It has been defined and studied by Richardson [4].

After the Filbert matrix, several generalizations and analogues of it
have been investigated and studied by several authors. For the readers

convenience, we briefly summarize these:

e In [1], Kilig and Prodinger studied the generalized Filbert Ma-
trix F with entries F_:# , where r > —1 is an integer parameter.
i+j+r
e After this generalization, Prodinger [3] defined a new general-
ization of the generalized Filbert matrix by introducing 3 addi-
z'y’
Fx(iviy+r”
e Recently, in [2], Kilig¢ and Prodinger gave a further generaliza-
tion of the generalized Filbert Matrix F by defining the matrix

Q with entries h;; as follows

tional parameters by taking its entries as

1

7
FivjrrFivjrrer - Fivjrrina

h:

ij

where r > —1 and k > 1 are integer parameters.

In the works summarized above, the authors derived explicit formulae
for the LU-decomposition, their inverses, and the Cholesky factoriza-
tion.
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2 EMRAH KILIC AND HELMUT PRODINGER

In this paper, we introduce two new variations of the Filbert matrix
H,,, and define the matrices § and L with entries g;; and ¢;; by

_ LA(H-J')-H"

Fi )+
_ DA g tij_L
A(i+7)+s

gij =
T F(iti)+s

where s, and A\ are integer parameters such that s # r, and s > —1
and A > 1.

Our approach will be as follows. We will use the Binet forms

n __ A3n 1 _ AN
—aa _g = a”_l—l _qq and L,=a"+0"=a"(1+4q")
with ¢ = f/a = —a™2, so that a = i/,/7.

Throughout this paper we will use the notation of the g-Pochhammer
symbol (z;¢), = (1 — z)(1 —xq) ... (1 —zqg" ).

We rewrite the entries of the matrices § and L in terms of the ¢-
Pochhammer symbol:

F, =

1 — q)\(i+j)+r 14+ q)\(i+j)+r

e
=gt oty =17

s =5 (r—s) L
Gy =1 47 1+ PQUt)+s”

We will derive explicit formulae for the LU-decompositions of matri-
ces Gy and Ly, and their inverses. Similarly to the results of [1, 2], the
size of the matrices does not really matter, and they can be thought
as infinite matrices G, L and we may restrict it whenever necessary to
the first N rows resp. columns and write Gy and L. We also provide
the Cholesky decompositions. All the identities we will obtain hold for
general ¢, and results about Fibonacci and Lucas numbers come out as
corollaries for the special choice of ¢.

Firstly, we will present all the results related to the matrix §. Second,
we will give all the results related to the matrix L. Finally we will
indicate some proofs related to the matrix G.

2. RESULTS FOR §G
We obtain the LU-decomposition § = L - U:

Theorem 1. For 1 <d <n we have

A(d+1)+s. 1— q)\(d2+n)+sdfs+r
)

I (@ ¢ )n-1(q ")
n,d — (qA; qA)n_d(qA; qA)d_l(qA(n+1)+s; qA)d 1— qA(d2+d)+sd—s+r-

Its Fibonacci Corollary for A = 2:

Corollary 1. For1 <d <n,

n—1 d n—d -1 d —
Lya= (H th) (H Fatray+s) (H th) (H Fz(t+n)+s)
t=d t=1 t=1 t=1

% 172((1!2 +n)+sd—s+r

1

FQ((P +d)+sd—s+r
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Theorem 2. For1 <d <n we have

r—s _3s4 T 2_
i g T e AT (M M) (08 Y as
(05, ) (@D Fs; N

1 — q)\(d2+n)+sdfs+r

x 1 — q)\(ded)Jrsdeerr (1 - qs_r).

Udn ==
’ (¢ )n—d

Its Fibonacci Corollary for A = 2:
Corollary 2. For1 <d<n

n—1
(_1)T+d8+1 ( H F2t> <H F2t> 2(d2+n)+sd— s+7’F

Udn:

)

n—d :
<H th) (H Fotit)+ > (H Fy d+t)+s>F2(d2 d)+sd—2s+r
i=1
We could also determine the inverses of the matrices L and U:

Theorem 3. For 1l <d <n we have
n(n—1) _\dn d(d+1) s n—
in? Adn+A==5— ((])\; qA)n_l(qA(d+1)+ ;qA)n_l(—l) d

(@ @) a—1(PF+5 1) 1(6Y; ¢ nd
1 — q)\(and)+sn72s+r

1 — q/\(nzfn)+sn72s+r'

L)L =

n,

X

Its Fibonacci Corollary for A = 2:
Corollary 3. For 1 <d<n

n—1 n—1
(—1)n_d< 1_[1 F2t> (H F2(d+t)+s> FQ(n2—d)+sn—25+r
t=

L7t =
d n—1

n, d—1
<H FQt) (H F2 n+t)+ > ( H F2t> 2(n2—n)+sn—2s+r
t=1

Theorem 4. For 1 <d <n we have
- n(n—l)i n d(d+1) M*S’n n s s
U_1 _ q )\72 Ad +)\72 +55 <q)\( +1)+ ;qA>d71<qA(d+1)+ ;qA)and
o (@ ¢)n1(0 n-a(@; ¢")ar
_ A(n?—=d)+sn—2s+r
1 q 1 iS_T(—l)n_d_l.
1 — q)\(n2+n)+snfs+r 1 — qsfr

X

And its Fibonacci Corollary for A = 2:

Corollary 4. For 1 <d<n
2n—d

(=1 m“(“ Fynto+ )( H Iy d+t)+8>F2(n2 —d)+sn—2s+r
-1

Udvn - d—1

<H F2t> < H FQt) (H F2t> FZ(n2+n)+sn s+'rFs r
t=1

=1

As a consequence, we can compute the determinant of G,,, since it is

simply evaluated as Uy ; - - Uy :
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Theorem 5.
det 9n _ (_1)71 n(r— s)q6n(n+1)(3s+2)\(n—1))+w(1 o qs—r)n

— Ad?4-d)+sd—s+r

y H (q )i 1—gq
A(d+1) +s d(q)\(d+l)+s; q)\)d—l 1— q)\(dzfd)+sdf2s+r'

Its Fibonacci Corollary for A = 2:
Corollary 5.

det 9n _ (_1)n(r+l)+(n;rl)ani

2

% H Fy (d?2+d)+sd—s+r th
5 .
FéLdJrsF12(d2 d)+sd—2s+r F2(d+t)+s

d—1

Now we compute the inverse of the matrix §. This time it depends
on the dimension, so we compute (Gy)~*

Theorem 6. For1<i,5 < N:

o (DTS ) v (0TI g
(9N)n,d -

(0% ") a-1(a% ¢M)n-1(0%; ) v (0 ) v -a
isfr<_1)n7d71q)\7d(d2+1) +)\fracn(n+l)2—)\Nd—/\Nn+3577T—sN
(1 _ q/\(n-i-d)-‘rs)(l _ qs—r)
1 — q/\(N2+N7n7d)+SN723+r

1— q)\(N2+N)+sN—s+r

X

X

Its Fibonacci Corollary for A = 2:
Corollary 6. For1 <i,5 < N:

(H Foar)+ > (IJ__VI 2(n+t)+s>

t=1 =

(1) (11 ) (11 ) (1T )

d—r+1
( )T By vy N d)+sN =26t

(SN )ny =

)

F2(n+d)+sstrF2(N2+N)+sts+r
Finally, we provide the Cholesky decomposition.
Theorem 7. Fori,j > 1:

d(d 1)+—33+7‘+

q (q q ) A(d?+n)+sd—s+r
. (qA("“)*S;q )a(q*; ¢*)n-d “ )

. (1 — g2d+s)(1 — g=7)
(1 _ qz\(d2+d)+sd—s+r>(1 _ qA(dQ—d)+sd—2s+r) )

Its Fibonacci Corollary for A = 2:
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Corollary 7. Fori,j > 1:

d —1
€ = o2 ( 1 F) (HFQ(MHS)
t=1

t=n—d+1

< F F4d+st—7”
2(d2+n)+sd—s+r .
FQ(d2+d)+sd—s+rF2(d2—d)+sd—25+r

3. RESULTS FOR L

Now we collect our results related to the matrix L.

For convenience, we use the same letters L, U, C, but with the
different meaning.

We obtain the LU-decomposition L = L - U:

Theorem 8. For1l < d <n we have

L @ (U1 (D
B P nmd( @ ) a1 (DT M) g 1 — (1) AP+ Drsd—sr
Its Fibonacci Corollary for A = 2:

Corollary 8. For1 <d<n,

n—1 d
Fy 42
2(d n)+sd—s+r - .
<H F2t> (H L2(t+d)+s> Sltntedosir gt d 4s even,
t=d t=1

F2(d2+d)+sd75+'r
n,d — X

nid d L . .
(H F2t> <H Lg(Han) M if d is odd.
=1 =1

2(d2+d)+sd75+'r

Theorem 9. For 1 <d <n we have

r—3s

U q 2 +Ad(d—1)+dsir—s<_1)d(q/\; q/\)nil(qA; qA>d71
(@ ) na (I ) gy (D A
1 — (_1)dq)\(d2+n)+sd—s+r
1+ (_1)dq)\(d27d)+sd723+r (1—¢").

)

Its Fibonacci Corollary for A = 2:
Corollary 9. For1 <d<n

(—1)rH(s+D) (H th) (dﬁl th) 7
(1 72 (11 2atures) (TT o)

5¢ Fz(d2

Uin =

)

+n)+sd—s+r
L2(d2 —d)+sd—2s+r

if d is even,

iy . .
st d s odd.
2(d2—d)+sd—2s+r

We could also determine the inverses of the matrices L and U:
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Theorem 10. For 1 < d <n we have

qA%—Aan%(qA; @ )por (—ME D+ gAY (—1)nd
(@ @) a-1(a* @) n—a(—g DT g2),
y 1+ (_1)nq)\(n2—d)+sn—25+r
1+ (_1)" qz\(n2—n)+sn—25+r'

-1
Ln,d

Its Fibonacci Corollary for A = 2:

Corollary 10. For1 <d<n

n—1

(—1)dn (tljll F2t> <t1;[1 L2(d+t)+s)
(jHl1 Fy) (jHj Fy) (jHl1 Loniss)

FZ(n2 —d)+sn—2s+r

-1
Ln,d -

if n is odd,
FQ(nQ—n)+sn—2s+r

L2(n27d)+sn72s+r

if n is even.
L2(n2—n)+sn—2$+r

Theorem 11. For 1 < d <n we have

o isfr(_l)d(_q)\(d+1)+s; q)\)n_l(_q/\(n+1)+s

S )n
dn —

(1 =)@ 0" a-1(a* ¢ )n-a(@; ¢ )n-1
1 + (_1)nqz\(n27d)+sn725+r
1— (_1)nq)\n(n+1)+sn—s+7‘ q

Bepr N NG ps—Adn

And its Fibonacci Corollary for A = 2:

Corollary 11. For1 <d<n

n—1

1:[ L2(t+d)+s> (tl:[1 L2(t+n)+s>

(jHll F2t> CHII th) <j_[11 F2t> F,_.

F2(n2 —d)+sn—2s+r

(_1)r+d—ns(

if n is odd,
% 5n_1L2(n2+n)+sn—s+r

L2(n2 —d)+sn—2s+r

~ if n is even.
5 FZ(n2+n)+sn—s+r

As a consequence, we can compute the determinant of L,,, since it is

simply evaluated as Uy --- U, (we only state the Fibonacci version
for A = 2):
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Theorem 12.

d—1

F2
det L,, = in(n+(-1)%) (_1ynrip(s+1)(n+1) 2
( ) H L4d+s

2
L2(d+t)+s

F2(d2+d)+sd—s+r

if d is even,
L2(d27d)+sd723+7"

L2(d2+d)+sd—s+r

if d is odd.

Fyz—dy+sd—2s+r
Now we compute the inverse of the matrix L. This time it depends
on the dimension, so we compute (Ly)~*
Theorem 13. For1 <d<n<N:
(_q/\(n+1)+s; q/\)N(_qA(dH)—i-s; qA)N
(@ ¢)n-1(a% ") a-1(0%; ) N-n(@; ) N-a

. d(d+1) (n+1) 3s—r
ls—r(_1)n—d+Nq>\T+)\%—)\Nd—>\Nn+T—sN

(1 =g m)(1 + gAttits)
1+ (_1)Nq>\(N2+N—n—d)+sN—2s+r
1— (_1)Nq)\(N2+N)+sN—s+r

(Cn)pa =

X

Its Fibonacci Corollary for A = 2:
Corollary 12. For 1 <d<n < N:

(11 Zawro) (TT Latrras ,
(jnll th> (tnl F2t> <tHl F2t> (tHl F2t> Fs—rLogntay+s

LQ(n2 —d)+sn—2s+r

(Ln)pa =

)

~ if N is even,
v b FQ(n2+n)+sn—s—|—r

FQ(N2+N7n7d)+sN72s+r

if N is odd.
5N_1L2(N2+N)+SN—S—|—T

Finally, we provide the Cholesky decomposition.
Theorem 14. Forn,d > 1:

(1 _ (_1>dq)\(d2+n)+sd—s+r> (q)\; q)\) .
(0% 0*) g (=D T 02),

o jM(d—1)+24 752 q

. \/ (1 + g2+s)(1 — ¢=—7)

(1 _ (_1)dq)\(d2+d)+sd—s+r)(1 + (_1)dq)\(d2—d)+sd—2s+r)'

end:

)

d(d—1) | —3s+r | sd
2 + 4 + 2

Its Fibonacci Corollary for A = 2:
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Corollary 13. Forn,d > 1:

d -1
Gan — iT’+dS( S+15d/2< H F2t> (H L2(’I’L+t)+5> \/ L4d+SFS—7"
t=1

t=n—d+1
1

+sd—s+r
\/FQ(d2+d)+sd—s+7‘L2(d2—d)+sd—25+7‘

Foa24n) if d is even,

1

d?24n)+sd—s+r
\/L2(d2 +d)+sd—s+r F2(d2 —d)+sd—2s+r

Ly if d is odd.

4. PROOFS

We start with an introductory remark. For all the identities that we
need to prove, experiments indicate that they are Gosper-summable.
However, the entries that we encounter in our instances, do not qual-
ify for the ¢-Zeilberger algorithm that we used in our earlier papers.
Therefore, it was necessary to guess the relevant quantities; the jus-
tification is then complete routine. However, this guessing procedure
is (with all the parameters involved) extremely time consuming, and
so we confined ourselves to the demonstration of two such proofs. We
hope that extensions of the ¢-Zeilberger algorithm will be developed
that fit our needs.

First, we show that > i Lm,jUjn 18 indeed the matrix G, that is,

S Lpalan =g b0 =1

1— )x(m-l—n)—l—s
1<d<min{m,n}

A(m4n)+r

Since the formula is symmetric in m and n, we can assume without
loss of generality that m > n.
However we have in fact a more general formula:

Z LmdUdn - qié rs)
K<d<n

AK2-AK+dm+An+r+sK —s r—s8
AK2-AK+sK—s 1 — 4 l1—q

X
q 1 — q)\KZf)\K+r+sK725 1 — q)\m+)\n+s

(0% )m1 (2 0)n1(0% ) mi1 (0% ¢ )nia
(@ 4N )m—r (@ ) n-r (@%@ )1 (0% ¢ Intic
The formula we need follows from setting K := 1.
We use (backward) induction to prove the more general formula.

Clearly it is true for K = n, and the induction step amounts to show
that

Lm,KUK,n+i q E(T s)q/\(K—f—l) —AK+1)+s(K+1)—s

X

1—g¢ ME+1)? XK +1)+dmAdntr+s(K+1)—s 1 _ g "

X o PEFDINEA D Frs(K+1)—2s ] — ghmtants
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y (@5 @) m-1( @) n-1(0% ) mr1(¢%; )i
(@5 @) m-r 100 @) n—r-1(0% @) mt(x+1)(€°; )t +1)
sT—8 —%(r—s) AK2-AK+sK—s

=1 q q
y 1 — q)\KQf)\KJr)\er)\n«H"Jrsts 1 — qrfs
1— qAKQ—/\K—H“—i-sK—Zs 1— q)\m+>\n+s
o (501250 1(0% 0 )m1 (4756 i

(@ @) m-r (@ ) n-r (0% @m0 (5 )i
By the definition of matrices Ly, , and U, ., the above equation takes
the following form:

S. 2 m S —STTr
(q)\;q)\)m_l(q/\(K+1)+ ,qA)K 1— q,\(K +m)+sK—s+
(@ ) m—r (@5 ) k1 (PO FIHs; gA) o 1 — QAP HR) K —str
3s T
q—7+§+sK+/\(K2—K)(qA; qA)n_l(qA; Q)‘)K_1(1 . qH)

is—r—2(q)\; q)\)n_K(q)\(n—i—l)—l—s; q>\>K(qA(K+1)+5; q/\)K—l
1— q/\(K2+n)+sts+r

X

1 — qA(KQ—K)—f—sK—Qs—H‘
+ irfsqfé(rfs)q)\(K+1)2f)\(K+1)+s(K+l)fs

1 — qA(K—l—l)Q—A(K+1)+)\m+/\n+r+s(K+1)—s (1 o qr—s)
X

1— q)\(K+1)2—)\(K+1)+r+s(K+1)—2$ 1 — q)\m+)\n+s
" (5 ) m—1(0"; @ )n-1(0% )1 (0% ¢ )i
(@ @) m-k-1(0% @) n-k-1(¢%; @) mr 11 (0% @ nr(x11)
_ ir—sq—%(r—s)qAKz—AK-l—sK—s
1 — q)\K2f)\K+)\m+)\n+r+sts 1— qrfs

X

1— q)\KQ—)\K+r+sK—2s 1— q)\m+)\n+s
(@ )m1(2 ) 1(0% ) mia (€% )i
(0% @M )m—r (@5 M n—r (0% )i (€°3 P Insic”
which, after some simplifications using the definition of the g-Pochhammer
symbol, is equivalent to

X

(1— qs+2K>\>(1 . q)\(K2+m)+sts+r)<1 - q)\m+)\n+s)<1 o /\(K2+n)+sts+r)

q

+ qs—i—QK)\(l . qr+K)\+m)\+n>\+K2)\+Ks)(1 . )\(m—K))

q
« (1 i q)\(an))(l . qAK27AK+r+sK72s)

_ (1 . q)\Kz—)\K—i—/\m-i-)\n—l—r—i—sK—s) (1 /\(m—f—K)-‘,-s)

—4q
« (1 N q,\(n+K)+s>(1 _ qr—s+K>\+K2/\+Ks)
and to

1 2 2
s+KA MK +sK+r+mA+nA r+ KM K \+Ks s
T STEN (4 —4q )(q —q°)

_ (1 o q)\KQ—)\K+)\m+)\n+r+sK—s)(1 —q

r—s+KA\+K? >\+Ks)

Y
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which is true by direct expansion. Thus the proof is completed.

Second, we deal now with

and prove that it is 1 for n = m (there is only one term in the sum)
and 0 for n > m since we have lower triangular matrices. So let us

assume m > n. We will prove a general formula depending on an extra
variable K:

Z LmdL KAL) | \nlnzl) AnK (_qyK=n
n<d<K
(0% ¢ )ma
(2% @) n-1(0" @) m-x-1(¢% ) k-
(0% M nt ke 41(0% ) msa

(2% ¢M)n1(¢%5 ¢ mr i1
(1 _ q)\m+>\K2+sK+)\K—s+r—)\n)

X

X .
(1 _ q)\mf)\n)(l _ qAK2+sK+)\K78+7‘)

The formula we need follows from setting K := m. The proof of the
formula is by induction. Clearly it is true for K = n, and the induction
step amounts to show that

Z Lmden+LmK+1LK+1n = Z Lmdenv

n<d<K n<d<K+1
which equals
(¢ m—1 (@°; )41 (0% )

(@5 @) n=-1( ) m-k-1(0*; @) k=n (%5 @)1 (€% @ )k 41
(1 . q)\m+/\K2+sK+)\Kfs+rf)\n)

K(K+1) n(n—1)
% )\f—FAT—)\nK(_l)K—n

(1 _ q)\m—)\n)(l _ q)\K2+sK+)\K—s+7")

<q>\; qA)m—l (qA(K+2+s; qA)K—H

(@ @) m-r-1(a%; ¢k (@ TIF 6N ) k4
(" ) (I ke
(5 @)1 (T2 ¢ k(025 ) k1-n
1—gq AM(K+1)2—n)+s(K+1)—2s+r 1— qA((K+1)2+m)+S(K+1)75+r

+

X

1 — qA((K+1)2 (K+1))+s(K+1)—2s+r | — q A(K+1)24+(K41))+s(K+1)—s+r

(K+1)2  (K+1) n(n+1)
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m_1q>‘ DKL) 4y n(n=1) ey

)
Jn—1(0*; @) m-r—2(0*; ¢*) K +1-n
5 sk 42(@55 @) (= 1)K
(0% qM)n41(¢% @) ms 12
(1 _ q)\m+)\(K+l)2+s(K+l)+)\(K+1)—s+r—)\n)

X

(]_ _ q)\m—)\n)<]_ _ qA(K+1)2+s(K+1)+)\(K+1)—s—i—r)’

or, simplified,

N (1 N q)\(K—n+1))(1 N q)\m—I—)\Kz—i-sK—l—/\K—s—i—r—)\n)(l 7"+2)\+3K>\+K2>\+Ks)

—q
m s r—s -n 2 s m—An
x (1— PR+ )+ (1—gq FAF2KA—nA+K2A+K )1 — e )
x (1 N qr+)\+2K)\+m)\+K2/\+Ks)<1 N q2/\(K+1)+s)
_ (1 . q)\(mefl))<1 N qA(n+K+1)+s)(1 - qr—s+KA+K2/\+Ks)
x (1 N qr+2>\+3K/\+m>\—n)\+K2)\—l—Ks)q/\—l—K)\—n)\

which is a routine check. Thus we have the claimed result.

The other proofs could be done in a similar style, but are omitted
here.
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