CLOSED FORM EVALUATION OF MELHAM’S RECIPROCAL SUMS

EMRAH KILIC AND HELMUT PRODINGER

ABSTRACT. Recently Melham [1] gives closed formule for certain finite reciprocal sums. In this paper, we
present a different approach to compute these sums in closed form. Our approach is straight-forward and
simple. First we convert the sums in g-notation, then use partial fraction decomposition and telescoping to
derive closed formulze.

1. INTRODUCTION

Let a > 0 and b > 0 be integers with (a,b) # (0,0). For p a positive integer, define the sequences {W,}

and {W,} by
Wy = an—l + Wh_2 and Wn =Wp_1 + Wn-‘rla
where Wy = a, W7 = b.

When (a, b,p) = (0,1,1), we have {W,,} = {F,}, and {W,} = {L,}, which are the Fibonacci and Lucas
numbers, respectively. When (a,b, p) = (0,1, p), we denote {W,,} = {U,}, and {W,,} = {V,,}, which are the
generalized Fibonacci and Lucas numbers, respectively.

For k > 1, m > 0, and n > 2, the author [1] gave closed formula for the following finite reciprocal sums:

(1) For nonnegative integers m; < ms and mg < my with mi + mg = mg + my,

" 1

9

=1 Wk(t+m1)+mWk(t+m2)+ka(t+m3)+ka(t+m4)+m

(2) For nonnegative integers m; with m; < m;4q for 1 < i < 4 and positive integer c,

n n n

i) 272’“”2 i) ZM iii) ZM,

o PWW) s R(WW) ~  P(W,W)
(3)
~_ 1 " Usi(ire)r2mUsk(20) +2m
t=1 S(W W) t=1 P8(W Wa c, 267 36)

n n

U m mU m mU m m . 1
i) Z 2k(t+m1)+2m U2k (t+ma)+2m Y2k (t4ms)+2 “)Z

=1 PlO(VVaW) =1 P12(Wa WY
where Py, (W, W ,my,ma,...,m._1), or briefly Py,.(W, W), is given by
r—1
Por (W, W) = WittmWktam H Wit4ms)+m W k(t-4ms)+m-
i=1

In this paper, we present a different approach to compute these sums. Our approach is straight-forward
and simple and works in all instances. First we convert these sums in g-notation and use partial fraction
decomposition. Using telescoping, we derive closed formula for them.

The Binet forms are

Aa™ — Bg" —
W, = At = BO U=a"BJA)  gp  gan 4 BE" = Aa™(1+ ¢"B/A)
a—f (I-4q)
2000 Mathematics Subject Classification. 11B39.
Key words and phrases. Reciprocal sums identities, partial fraction decomposition.

1



and 5 a )
o™ — B" _ _qn

U,=—=a" 17, Veo=a"+8"=a"(1+q¢"),

a—p (1-4q) ( )

where o, 8= F(p+ /12 +4)/2, ¢=fB/a, a =ig 2, A=b—af and B = b — ac.
We frequently denote the sequences {W,,} and {W,} by {W,,(A, B)} and {W, (A, B)}, respectively.
2. SIMPLE EVALUATION OF MELHAM’S SUMS

1. We start with the first kind of sums by converting them into g-notation:

z": 1 _ (1-q)°
= Wiermn) tmWh(trma) tmW k(trms)tmW k(ttmaytm  AtaF(mtmatmstma)tdm=2
n 2kt
XD i
(1 _ qk(t+m1)+7nB/A)(1 _ qk(t+m2)+mB/A)(1 + qk(t+m3)+mB/A)(1 + qk,(t+m4)+mB/A) ’

t=1

where mq, mo, ms and my4 are defined as before.
Without constant factor and writing z = ¢** and ¢*™*+™ = ¢% and B/A = a for 1 < i < 4, we define

n 2
z
S, = .
; (1 —az¢)(1 —azq®?)(1 + azq®)(1 + azq)
Let
52

&) = T a0 ag) (L as) (T aog)’

The partial fraction decomposition of T'(z) is

2
z
(1 —azqg®)(1 —azg®)(1+ azq®)(1 + azq®)
q* q*

Ca?(g o) (g% +q) (g% — o) (1 +agtz)  a?(g + %) (g% + ¢°) (g — q°2)(1 — ag©22)
q“ q°

+ .

a?(q° —q“)(q* + q*) (¢ + ¢)(1 + ag® z)

+
a®(g +q°)(g +¢%) (¢ — q*2)(1 — ag2)
The assumption m; < mo and mz < my with m; + mg = mg + my means ¢; < cg and c3 < ¢4 with
c1 + co = c3 + ¢4. We writemeans ¢; < ¢y and c3 < ¢q with ¢; + ¢ = ¢3 + ¢4. We write

22

(1 —azq®)(1 — azq®?)(1 4+ azq®)(1 + azq®)

x a®(q + ¢“) (¢ + ¢“) (g™ — ") (¢ + ¢°)(¢™ — ¢7)(¢°* +¢**)
1 1
J— C3 C2 C4 C1 Cq C1 __ ,C2 _
A0 + a0+ 0@ 0|~ T
1 1 }

_ C2 C1 Cq c3 _ C4 C1 C3 —_
¢ (q" + 4@ — )" +q ){Paqmz 1—agoz

and so
— q02*01)(1 + qC3*C1)Sn

a?q TR (14 ¢ 2) (1 — ¢~ =) (14 ¢= )1
n

1 " 1
= (1 Ca—C2) (] — gf2— A —
(L+q)(1—q )[ZHGQCW ZHachZ]

t=1 t=1
N T T
—1—agtez “—1-agq"z ’

which, by the telescoping sum identity

S (i~ ) = 2 (o~ 1)
— 1+azgbte 1+ azq° _t:1 1+azqgnte 14 azq©
2




gives us

a?q (14 g7 2) (1= g7 ) (1 + ¢ 7)1 = ¢= 7)1+ ¢ )8,
Cq4—C3

—(1+qc4fc2)(1—q62*01)2_:( L )

1+azqgntes 14 azq®

Cc2—C1

) S (e )

1—az¢gnter 1 —azqn

We write it in original form

(B/A)qu(m1+m2)+2m(1 + qk:(m4fm2))(1 o qk(m4fm3))
X (L4 gMmemmal)(1 — ghmamm)) (1 4 ghlmamm) g,

k(ma4—ms3)

1 1
_(1 + qk(m4—7n2))(1 _ qk(mz—ml)) Z thtntkmstm - tk+kms+m )
2, \TrgrmemsBa 1T b
k(ma—my) 1 1
_ _ k(mg—m3) k(mz—my1) -
(1 — g™l (14 g=imem™) ; 1 — gtktntbmitmpB/A 1 _qtk+km1+mB/A)
or
o A3 B—22(@2m+kmi+kmz)
n A Vk(mélfmz)vk(msfml)Vk(m3*m2)Uk(m27m1)Uk(m4*m3)
k(ms—ms3) tk4+n+kms+m tk+kms+m
o (e
AVi(ms—ma)Uk(ma—m1) W W )
P t+n+kmz+m th+kms+m
k(mz2—ma1) qtktntkmi+m

+ Uk(7n4 —mg)Vk(ma —m1)

athrkml +m :|

i—1 Wtk-i—n—i—kml-i-m Wtk+km1+m)
and so

- 1
; Wk(t+m1)+mWk(t+m2)+ka(t+m3)+ka(t+m4)+m
1

ABQV]C(WL47mz)Vk(ﬂ’L3*ml)Vk}(mgfmz)Uk}(mgfml)Uk}(TH4 m3)

k(ma—ma) atkrntkms+m atktkms+m
X |:Avk(m4—m2)Uk(m2—m1) 7 - )

=1 Wt+n+km3+7n Wtk+k7n3+m

k(ma—maq)

atk-l—n-l—kml +m
+ Uk(m4—m3) Vk(ms—m1)

( atk—i—kml +m ) :|
- 9
=1 Wtk+n+k7n1+7n Wtk+km1+m

which is the desired evaluation of the first type of sums
For example, we have

n 1 n+2 2 n+2
> 35 1)+ (5 )]
p Ft+1Ff+2Lf+1Lf+2 2 Lpyo Lo Foio
and
~ 11 {m@”*z ~ aj) B (a“" ~ at)}
p FtFt+3Lt+1Lt+2 6 Ly2 3 S \Fn B



2. 1) The sums take in g-notation the form

n

ZM7A76a572km172km274m(17q)2

— P(W,W)
n —4kt _ 2k(t+ma2)+2m
« Z a (1 —gq )
(1 — g2kt+2m (B/A)2)(1 — @Rrmn)+2m(B/A)2)(1 — g2t+ma)+2m (B /A)2)

t=1

Without constant factor and writing z = ¢**, ¢®*™ = ¢%, ¢*™ = c and (B/A)? = a for 1 <i < 2, we

consider
n

B z2(1 —cz)
Sn 1= ; (1 —acz)(1 — aczq)(1 — aczqe2)’
Let
2(1—cz)

T(z) = (1 —acz)(1 — aczq® )(1 — aczq®2)’

The partial fraction decomposition of T'(z) is

B z(1 —cz) _ (1-a)
=)= (1 —acz)(1 —aczq®)(1 —aczq®?)  a2c(l —acz)(1 —q=)(1 — q*)
(1 - ag®) (1—ag®)

" Pegi(1—acg ) (1 — ) (1 — ¢ ) | @Pegi(1—q)(1 —acg2) (1 — > 1)’

The assumption 0 < m; < my means ¢; < cz. By telescoping, we write

B (1—a) - 1 1
Sn = a?e(l — g« ) (1 — ¢°) Z (l—acq”z 1—acz)

t=1
_ (1 —ag®) Cgl 1 ! )
a?cq (1 —q2)(1 —q=~) = \l—aczq"t 1—aczq
and so we obtain
—~ Usrrom (A% — B?) 2kma o 2th+n+2m+3 Q2tk42m+3
; Ps(W, W) N A2B*AUskm, Uzkm, = \Watkin+2m(A?, B?) a W2tk+2m(A2’Bz))

2k(m27m1)
B W2km2 (AQ’ BZ) ( a2tk+n+2km1+2m+3 B ath+2km1+2m+3 )
g 3

AzB4U2km2 U2k(m2—m1) W2tk+n+2km1+2m (A27 B?) Wth+2km1+2m (A27 BQ)

t=1

where A is defined as before.
ii) Now we write the second class of sums in g-notation as

i U2k(t+mﬂi2m = AP~ 2kma—dm( _ ;)2

= B(W,W)

y zn: q2kt(1 _ q2k(t+m1)+2m) .
(1- q?kt+2m(B/A)2)(1 — g2k(+mi)+2m(B/A)2)(1 — g2k(t+ma)+2m (B /A)2)

Without constant factor and writing z = ¢, ¢?*™: = ¢% and (B/A)? = a for 1 < i < 2, we define the sum

n

Sim il

(1 —acz)(1 — aczq™)(1 — aczq)’

Let
2(1 = czq®)
(1 —acz)(1 — aczq®)(1 — aczq®2)’
4

T(z):=




Similarly as before, by using the partial fraction decomposition of T'(z) and telescoping, since co > ¢1, we
obtain
1

a?c(l —ge2—)

Sp =
c1 Cc2

% l—a Z( 1 1 ) 1_an2—Clz( 1 1 )
1—q< P 1 —aczq® 1—acz 1 —q° P 1—aczq® 1—acz/|

Thus we get the result

n

Z U2k(t+ml)+2m _
P6(VV, W) B*A? U2k(m2—m1)

a2m+3

t=1
y |:(A2 - BQ) 2kmy Q2kt+n a2kt )
AU-2km.1 =1 WZtk+2m+n (sz BQ) W2tk+2m(A2» B2)
- WQk(mzfml)(AQaBz) 2kma ( a2kt+n B a2kt )}
U2km2 =1 W2tk+2m+n(A27 B2) Wth+2m(A27 BQ) ’

where A is defined as before.
For the next sums, we only present the key steps, as the procedure is always the same.
iii) Consider the sums and its g-form

n

Z U2k(t+m2)i2m — A—6a5—2kml—4m(1
PG(Wa W)

—q)?
t=1

n 2kt 1— 2k(t+ms)+2m
<3 '(1—gq )
_ A2kt+2m 2 _ 12k 1)+2m 2 _ 12k 2)+2m 2\ °
— (1= g?k+2m(B/A)?)(1 — g?ktrmOT2m(B/A)2)(1 — g2k(ttma)+2m (B /A)2)

Without constant factor and rewriting the parameters, we consider the sums

n

S, = Z 2(1 — c2q®?)

(1 —acz)(1 — aczq™)(1 — aczq®)’

Here by the partial fraction decomposition

2(1 - czq) _ L( (a—q*)
(1 —acz)(1 —aczq®)(1 —aczq®?)  a?c\(1 —acz)(1 —q°)(1 — ¢2)
B ¢~ (1—a) _ (a—q=) )
(1 —acge2z)(1 —g2)(1 —ge=2=1) (1 —-¢9)(1 —acgrz)(1 —g=) /7

and using telescoping, since co > c¢1, we write

S — 1 [a(l — g2 g7

(= )
1—aczq® 1—acz

c1
a?e(l — ge2—c1) 1—gqa ;
N g2 (1 —a) i ( 1 1 )]
1 — g P 1—aczq® 1—acz
and obtain the result
zn: Usk(t4msa)+2m _ 1
—  P(W, W) BLA2Usp(my—m)
|:W2k(m,2—m1)(B23A2) 2kma o 2kt+2m+n+5 2kt+2m+5 )
Uzkm, — \Waktiam+n(A%, B?)  Wopiyom (A2, B?)
N (AQ _ BQ) 2kma Q2kt+2m+n+3 q2kt+2m+3 )]
(@ = B)Vokm, = \Waktromin(A%, B?)  Wopryom(A2, B?)/ |
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3.1) For 0 < m; < mg < mg, we consider the following sums in its ¢-form

n

E 1 I A78a872km172km272km378m<1 o q)4
= W, W)
n 2
z
x .
; (1 —acz)(1 — aczq®)(1 — aczq®?)(1 — aczq®s)

Without constant factor, we only consider the sum
n 2

z
Sn = ; (1 —acz)(1 — aczq®)(1 — aczq®)(1 — aczqes)’

By partial fraction decomposition of the summand and using telescoping, we write

a®cq (1= ™) (1 — ) (1 = ¢*)(1 = ¢ 72)(1 — ¢ )(1 — ¢ )8,

c3 c1+ca—cs c3 ca—cCy - 1 1
=¢*(1—¢ JA=q®)1=q=7) ) ( )

1—acq™z C1—acz

t=1
= ) — ) — ) Y e — )
P 1—acq™z 1—acz
= 1 1
(1= ™) —g®)(1-¢%) Z (1 —acqg"taz 11— acqclz)'
t=1

Consequently after converting it back into the original form,

n ) o 2mt4
tzz:l Ps(W, W) B A?B*Uskmy Uzkmy Uzkms Usk(mg —ms) Uzk(ma —ma) Uzk(mg —ma)
) [UQk(MﬁM?_M)UkaSUQk(mz_ml)2§2 Wn+2:::zlj42,32) - Wztk+2o:ljz;2732))
= Usk(ma—m1) U2kms U2kms, thz_m; Wn+2tj:2—:zlj42732) _ Wth+2aszQ,B2)>
+ Usk(img —ma) Uzkms Uzkm, %(n:z:ml) Wn+2t5j;j:::z;12,32) - W2tk+j€ii]jiz:':42732)>:|.

3. i) We now consider the sums

n

Z U2k(t+g)+2mU2k(t+2g)+2m
PS(W W797 297 39)

t=1

Converting it into g-form and rewriting the parameters, that is, z = qztk, @™ =c, q%g = qd and (B/A)2 =a,
we get
n
A780676gk74m(1 _ q)2 Z

t=1

2(1 — czq?) (1 — czq??)
(1 —acz)(1 — aczq?)(1 — aczq?®?)(1 — aczq3?)

Without constant factor, we consider

g . i: 2(1 — czq?) (1 — czq??)
e (1 —acz)(1 — aczq?)(1 — acz¢®!)(1 — aczg®?)’
6




By partial fraction decomposition of the summand of S,, and using telescoping, we obtain

S, = : [<aqd><1a><1q3d>§di( )
n agc(l — qd)2(1 — qu) P 1 —aczqg™ 1 —acz
3d 1 1
— (1 - agh)(1 — ag?®)(1 — ¢%) Z (1 —aczq"  1— acz)
2d

Fa—at)0 -0 - (7 |

P 1—aczq" 1—acz

Thus we get

n

Z Unk(t+g)+2mUsk(t+2g)+2m
PS(W Wvga 297 39)

t=1
1 2m—6gk—+2kt+4

~ BSAIUZ, Uik

a2m+n—6gk+2kt+4 a

Wosontrom (A2, B2)  Wapgyom (A2, B2) )

{W%g( B2, A%)(A? — B?)Ugk, Ed: (

a2m+n76gk+2kt+4 a2m76gk+2kt+4

Wit okt rom(A2, B2)  Wapisom (A2, B?) )

3d
— AWaig (A%, B*)Wing (A%, B*)Usig > (
t=1

a2m+n—6gk+2kt+4 2m—6gk+2kt+4

a
Wigoktrom (A2, B2)  Wapyom (A2, B2) ) ] 7

2d
+ Woarg (A%, B?)(A% — B*)Usiy S (
t=1

where A is defined as before.
4. 1) For 0 < m; < mg < mg < my, we consider the sums

n

Z U2k(t+m1 )+2m U2k:(t+m2)i2m U2k(t+m3)+2m
Pro(W, W)

t=1

If we convert it into g-notation and write z = ¢***, ¢®>™ = ¢, ¢**™i = ¢ and (B/A)? = a for 1 <i < 4, then
the sums above equals

AT10GT2kmadm(y _ )2 Zn: 2(1 —czq®)(1 — czq®)(1 — czq®) .
(1 —acz)(1 — aczq®)(1 — aczq®?)(1 — aczq®s)(1 — aczq®)

t=1
Without constant factor, we consider the sums
n

g . Z 2(1 — czq®)(1 — czq®?) (1 — czq®®)
" (1 —acz)(1 —aczq®)(1 — aczq®?)(1 — aczq®3)(1 — aczq)’

t=1
The partial fraction decomposition of the summand is

2(1 — czq®)(1 — c2q®) (1 — czq®)a’c
(1 —acz)(1 — aczq®)(1 — aczq®?)(1 — aczq®s)(1 — aczq®)

(e ) - )
N 1—acqgrz 1—acz 1—acq®2z 1—acz

( 1 1 ) I ( 1 1 )
1—acqg®z 1—acz 1—acqgz 1—acz/’
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where

a*(l—a"'¢)(1—a'q)(1 —a'¢*)

4= (1= = T
g @—alg= )1 —alg®)(1-a)

(T—g)(1 —ge2me)(1 —goa=er) (1 — gea—er)’
- al—ag= )1 —a"¢*")(1 —a)

(1 —ge2)(1 —ge2er)(1 —gea=e2)(1 — gea—c2)’

D (1 —ag=~)(1 —ag®"*)(1 - a)

(1 —ge)(1—goer)(1—gemc2)(1 —gea=cs)’
po _(1—ag®)(1 —ag®®)(1 — ag™ ™)

(T —qo)(1—qer—e)(1 — geaea)(1 — gea—ea)’

note that A=C+F—B—D.
Then by telescoping and converting the sums into the original notion and taking care again about the
omitted factor, we obtain

i U2k(t+m1)+2m U2k(t+m2)+2m U2k(t+m3)+2m

et Pio(W, W)
- (A2 _ BZ)a2m+5 (WZk(mgml)(B27A2)W2k(m3ml)(B2>A2)T
AASBS Ukal U2k(m2—m1)UQk(mg—ml)U2k(7n4—m1) !

+ T

Uskma Uako(mo—m1) Uk (ms —mo) Uzk
Wak(mg—m1) (A%, B2 )Wak (g —ms) (A
Uakms Usko(ms—m1) Uske(ms —mo) Uk (ms—ms
B AWor(m, —ms) (A%, B )Wor(m,—m,) (A%, B )WQk(m4m3)(A27B2)T>
(A% — B2)Uskm, Usk(my—ma) Uzk(ma—ma) Uz (ma—ma) Y

with @« — 8 = A and the sums

ma

W2k(m27m1) (A27 BQ)W2k(m37m2) (B27 A2)
(m4
(

)
)T3
)

2km; a2tk 2tk

a
T; = — .
Z (W totk+om (A2, B?) W2tk+2m(A27Bz))

t=1 n

4. ii) For 0 < my < mg < mg < my < ms, we consider the sums
> o
— Pu(W, W)

If we convert it into g-notation and write z = ¢**, ¢*™ = ¢, ¢**™ = ¢% and (B/A)2 =a for 1 <i <5, then
it equals

(1-q)
A12a2(6m+km1+km2+km3+km4+km5—6)
n 3
> :
(1 —acz) (1 — aczq®) (1 — aczqe?) (1 — aczq®) (1 — aczq) (1 — aczq®s)’

t=1

Without constant factor, we consider the sums

3
z
(1 —acz) (1 — aczq®) (1 — aczqe?) (1 — aczq®) (1 — aczq®) (1 — aczq®s)’

8
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By partial fraction decomposition of the summand and using telescoping, we write

. 1 1
3.3
@ ; 1—acq®z 1—acz

n 1 1 n 1 1
P3PS (s )
" tz:; 1—acqg®z 1—acz Z 1—acg®=z 1—acz

t

Il
—

n

L C ( 1 1 ) an: ( 1 1 )
P 1—acqg®2z 1—acz P 1—acqgrz 1—acz/’
where
A 1
(I —=q)(1 —g=2)(1 —q)(1—qe)(1 —gq)’
B_ q2c1
(1—q)(g™ —q°2) (g — %) (g — q°)(q** — ¢)’
C q202
(1= q%2) (g™ —q°2) (g% — q°)(q°2 — q°+)(q°2 — q°)’
q203
D= ,
(1 —q%) (g —q%)(q° — q°)(q°> — q°4)(q°® — q°)
q2(14
E= ,
(1 —q°1)(ger — q°1)(qe2 — q°1)(q° — q°4)(q°s — q°s)
q2C5
F= ;

(1 —=g%) (g —q*)(q°> — q**)(q°* — q*)(q** — q*)
note that A=F—F+ D —C+ B.
Consequently, we obtain

n

Z 1 o (]{6A
Pyo(W, W) ASBS

t=1

1

>< —
( Uakoms Uako(ms —ma) Uko(ms —mo) Uk (ms —ma) Uk (mis —ma)

1
+ T
Ukag UQk(m4 —ma1) UQk(m4—m2) UQk(m4 —ms3) UQk(ms —my)

1

U2km3 U2k(m3 —my) UQk(mg —msa) U2k(m4 —m3) UQk(ms —msg)

1
+ T2
Uskma Uk (ma—m1) Uk (ms —ma) U2k (ma —ma) U2k (ms —mo)

1
- T1)7
Uskmy Uk (ma—m1) Uk (ms —m1) U2k (ma—m1) U2k (ms —m1)

15

T3

where the sum T; is defined as before.

Of course, we could invent many more examples, but we think that the message is clear now.
It should be noted that our elementary method can always be used to simplify sums of the type considered
here; even if they do not telescope, they lead to simpler answers.
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