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Additive irreducibles in a-expansions

By Peter J. Grabner! and Helmut Prodinger”

Abstract. The Bergman number system uses the base a = 1+2‘/5, the digits 0 and
1, and the condition that adjacent ones are forbidden. We are interested in those positive
integers such that replacing one or more of the ones never results again in a positive
integer; they are called (additively) irreducible. These numbers are characterised in
terms of the positions of their ones. Further, the number of irreducible positive integers
below a given bound is considered and evaluated asymptotically, as the bound goes to

infinity. The periodic function that appears is analysed in detail.

1. Introduction

Let a = % be the golden ratio. It is well known that each natural number

n= Zskak (1)

kEZ

n has a unique a-expansion

with the digits e;, € {0, 1}, such that no nonzero digits are adjacent to each other,
and only a finite number of digits is different from 0 (cf. [1, 4]). It is sometimes
called Bergman’s number system.

If one considers a standard g-ary expansion

Z eng® (2)

k>0
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of a natural number, with digits €5 in the set {0,...,¢q — 1} then one still gets a
natural number if one replaces some of the digits by zero.
We are interested in positive integers

L
I = Z Ekak,

k=—K

such that all the numbers
L/
Z epaf for K' < Kand L' < L
k=—K'

are no integers (if they are not zero). The integers I with this property can be
seen as the additive building blocks of the integers in the Bergman-representation.

Positive integers that cannot be decomposed any further in the above sense
will be called additive irreducibles, or a-irreducibles for short. It is easy to see
that the decomposition into a-irreducibles is unique. Here is a short list of the
first few natural numbers, decomposed into additive irreducibles:

1,2,3,4=1+43,5,6,7,8=1+7,9=24+7,10=3+4+7,11=4+47,12,
13,14,15=1+14,16,17,18,19 =14 18,20 = 2 4+ 18,21 = 3 + 18,
22=4+4+18,23=5+18,24=6+18,25=7+18,26=1+7+18,...,
7.000.000 = 16 + 767 + 267.872 4+ 1.860.498 4 4.870.847, ... .
The original motivation for studying these integers was that every positive

integer n can be decomposed uniquely into a sum of I's; n = I + -+ 4+ I;. The
sum-of-digits function in Bergman-representation of integers

L L
t=—K (=—K
is additive with respect to this decomposition

SB(Il + +Ik) = SB(Il) +"'+SB(I’€)'

The sum-of-digits function sp has been studied in [2].

In this paper, we will prove the following theorems, a characterisation of
the a-irreducibles m in terms of the a-expansion, and an irreducible number
(counting) theorem, giving an asymptotic formula for the number of a-irreducibles

below a given number n.
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Theorem 1. An integer m > 1 with a-expansion m = o' + --- + o +
aft +... 4 aofr withey, >--->e,>1,and 0 > f; > --- > f, is an a-irreducible,
iff e1,...,e¢_1 are odd. Equivalently, m is an a-irreducible, iff fi,..., fn_1 are
odd and fy, is even.

(In words, the positive exponents must all be odd, with the possible exception

0

of the smallest one. Since m = 1 is a-irreducible by definition, o cannot occur

in the Bergman-expansion of an a-irreducible.)

Theorem 2. The number A(n) of a-irreducibles among the numbers 1, ...,n
satisfies for n — oo an asymptotic formula

1
A(n) = @(5 log,, n) n” + O(logn),

with p = ;;’f;a =0.72021... and ® a continuous periodic function of period 1.
Primes.eps Fourier50.eps

Figure 1. Plot of the function ® compared to the first 50 terms of its
Fourier series.

2. Proofs

Lemma 1. Let e_k,...,e1, € {0,1} be a sequence of digits satisfying the
condition that no two consecutive digits are both 1 and assume that

L
n= Z eiat €N (withe_g =¢e, =1).
(=—K

Then K = 2[£7 holds.
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PROOF. Since n is an integer, it is not changed by applying the conjugation
o+ —L in the ring Z[a]. This gives

L K

n= Z go(—a)~t = Z (—1)fepa.

t=—K (=—1L

The highest occurring power in this sum has to be even, since otherwise the
number represented by the sum would be negative. For even K we have

K BB K5 Kl e caK 0K 24—

K+1

On the other hand o’ < n < o**1, which gives the inequalities L < K + 1 and
L+1> K —1. Thus we have L < K < L + 1, which together with the fact that
K is even implies K = 2[L£]. O

The following Lemma explains how the positive powers in the expansion of
an integer determine the negative powers.

Lemma 2. Let ¢g,...,e;, € {0,1} be a sequence of digits satisfying the
condition that no two consecutive digits are both 1. Let 0 < 201 < 203 < ... <
2¢,, be the strictly positive even indices of non-zero digits (set m = 0, if there are
none) and set ¢y = 0 and £,,+1 = co. Furthermore, let 2¢; < 2k;+1 < 20;41 (0 <
j < m) be the largest odd index of a non-zero digit between the two consecutive
even indices 2(; and 2{; 1. Set k; = {; — 1, if all digits €2¢,+1,-..,€2¢;,,-1 are
zero.

Then

L
2]
=0
L m kj
! 1 for kg = —1,
— Eeaf + Z(Z(l _ 52[4_1)0(_2@_1 + a—ij—Q) _ { 0 (3)
=0

) J=0 M=¢, 0 otherwise,

where the sum in the first parenthesis is 0 if kg = —1.

ProoF. We first notice that the sum over the negative powers of a is an
admissible expansion (no two consecutive digits are 1) and therefore less than 1.
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Let Lj, = o + (—a)~% denote the k-th Lucas-number. Then we have

k;j k;j
20, 2041 201 | —2k;-2
SPYNe: b4 g o010 4 E (1 —egpqr)a 271 a2k
=, =t;
kj kj
2, 241 —20-1 201 | —2k;-2
=e20,0% + Y eapp (@ =) 4 Y a7 p a7
=t; =t;
k;
= e9¢; Loy, + E ea0+1L2041 €N
oy

for j > 0; a slight modification is necessary for j = 0. Thus the number in (3) is
an integer which is at most 1 larger than Zf:o e¢a’, which proves the lemma. [

PRrROOF OF THEOREM 1. The decomposition of an integer given in Lemma 2
shows that the only possibility for an integer to be additively irreducible is that
there is only one summand in the decomposition (3). Notice that by Lemma 1
every expansion of an integer has to end with the digit 1 in an even position.
Thus the summands in (3) cannot be decomposed any further.

The only possibilities to have only one summand in the decomposition (3)
is to either have m = 0 and therefore no non-zero digit in an even position, or
m = 1 and kg = —1. The first possibility is the case when eq,...,e; are all odd,
the second possibility is the case when eq,...,es_1 are odd and ey is even. ([

PROOF OF THEOREM 2. Let

L
A= {Z 00102 | VL 2 e9041 € {0, 1}}.
=0

Then define the set A” by

A" =[] oA +1)u{1}, (4)
k=1
where the union is disjoint. Furthermore, we define A = (A’ U A”) \ {0}. The
set of a-irreducibles is then formed by completing A with appropriate digits after
the comma by Theorem 1 and Lemma 2.
We now count the number of elements of A less than

2L+1

X = Z eeal, (5)
=0
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where we assume that either eop 11 =1 or e5;, = 1. We denote

2L+1

Xk: E Eeo&e
{=k

and define
M=max{{>1]|eg =1}

(set M =0 if the set is empty). Then we have

2L+1

#{a€eA|la< X} = Z #{a€ A| Xgr1 <a< Xi}.
k=2M

The condition Xx41 < a < Xj implies that

and

Z Seat < ek

£=0
Thus a € A can only hold if the digits €241, .. .,x+1 have the property that all
non-zero digits have odd index, except possibly for the index k4 1. This explains
why the sum starts with k£ = 2M.

For k > 2M all non-zero digits in €27,41,...,€k+1 have odd index; then the
digits Ok, ..., 0 can be chosen so that all non-zero digits have odd index, except
possibly for the index of the last non-zero digit. For k¥ > 1 the number of possible
choices for dg, ..., dp is then

L3
Ek( Z 92 —(-1 4 2L§J) = (3 colEl-1 _ 1) ’

where each summand in the sum corresponds to those choices of digits, which end
with a non-zero digit at the even position 2¢, whereas the second term counts the
choices which only have non-zero digits in odd positions. For k£ = 0 the number
of possible choices is €¢; this can only occur, if M = 0.

For

o0
= Zakofk €la?1]
k=1
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define
p(x) = min{k | e, = 1 and k even}

and
p(x)

b(z) = ZEkQ*L%J,
k=1
Then the number of a-irreducibles less than X = o?F*2y (with y € [a72,1])
equals
min{p(y),2L} .
€2L+1—k (3 cob-lsl-t 1) +eant1 =2"3¢(y) + O(L).

k=1

Defining
O(t) =27"3¢(a*?)

for 0 <t¢ <1 and writing
#{acAla<X}=23¢(Xa?72)+O(L)
=X’ (Xa 277" 3¢(Xa 272 + O(L)
1
= qu)(i log, X — L) + O(log X)
gives the number of (truncated) irreducibles.

The function ¢ is continuous on the interval [a~2,1]: we only have to check
that two different representations of a number x give the same value for ¢(z). For

that let
L L—1 fe’s)
- ZEEOZ_Z _ Z et + ZO‘_(H%_D’
=1 =1 k=1

where €7, = 1. Then we have
p(z) < L: ¢(x) = Z’Z(le) 02~ 54 since the digits with index < L are the same
for both representations

p(x) = Lt in this case we have

L L—1 -
o(a) =Y e F ) = S g2 lF £ N o
(=1

=1 k=1

since the last sum equals 2-l5] = 2_L%J, because L is even.
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p(z) > L: in this case we have
L , L—1 , .
$(x) = 2T =3 g2l F 4275
=1 =1

because L + 1 is even.

Let 2,y be two real numbers with a %=1 < |z — y| < a~*. Then either the
digital expansions of  and y to base a agree up to the k-th digit, which yields
|¢(x) — B(y)| < 27%; or the two numbers have less than k digits in common. In
this case there exists a number £ between x and y which has two different repre-
sentations to base «, which have k digits in common with z and y respectively.
Then

[6(x) = 6(w)| < |B(x) — SO +[6(&) — d(y)| <27+
and we have
lo(z) — ¢(y)] < 2z —y/’. (6)
We now have for N = [X] and X as in (5)
A(N) = #{n < N | n irreducible}
=#{a€A|la< X} +0(1)
- X"(I)(% log,, X) + O(log X)

= (N+ (X—N))p@(%loga N) (7)
1
~1

+O(NP - ‘Q)(%logaN) - (3 ogaX)D + O(log N)

1
- N%(5 log,, N) +O(log N),

where we have used (6) to bound |®(4 logaN) — ®(4 log aX)| by O(N~*). This
proves the theorem. O

3. Dirichlet series and Fourier coefficients

We will explain now how to compute the Fourier coefficients of ® numerically
to high precision. For this purpose we study the Dirichlet series

Cals)=>_a™, Ca(s)= Y a™® and Can(s)= D a™* (8)
acA aai,%’ acA”
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Clearly, we have Ca(s) = Ca/(s) + Cas(s) and

) =30 (14 X1+ a%a)

k=1 acA’
oo )
_ 1 —2s —2s — (s —2¢
a25—1<1+a CA’(S)+O‘ ;(6)04 ga/(5+£)

by (4). Furthermore, by the decomposition
ANA{0} = o?(A\{0}) W (a+?(A\{0}) ¥ {a}
we have

CA’(S) = aiQSQ‘A/(S) + Z (Oé + 0420,)75 + o=
acA’
a#0

=2a"%Ca(s) +aF + a2 Z <;> a Ca(s+0).

(=1

This gives the functional equation for (a/(s)

nte) = gz (o +§ (V)ocuts+n). (10)

This functional equation provides the analytic continuation of 4/(s) to the left of

Rs = p. It is similar in its form to the trivial functional equation of the Riemann
zeta function and also in the way it is derived.

This functional equation can be used to compute values of (4/(s) numerically
to high precision by the observation that for large ¢, |Cas (s+£) —a™~¢| = O(a™3")
(with an explicit O-constant). Thus the series in (10) is geometrically convergent
and the error can be controlled. Starting with (a/(s + k) with k large enough to
meet the prescribed error bound, we can use the functional equation to compute
Car(s+k—1),...,Ca(s) by rapidly convergent series, where we can control the
error bounds. For a detailed description in a similar instance we refer to [5].

From (10) we read off that 4/(s) has simple poles at the points s = p+

kmi
log

with residues

1 0 _p_ﬂ B kmi
/ _ _1k 5 log o Ly, Vi
g e S (o )
ploga (=1
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which can be computed numerically by the procedure described above. By (9)
Car(s) has the same poles with residues

Res §A~(s):l Res  Cas(s).

s— ki — kmi
5=Pt 1oz a 5=Pt g

We now introduce the Dirichlet generating function of all irreducible ele-

ns)= >,

neN
n irreducible

ments:

Since the irreducible integers differ at most by 1 from the elements of A by
Lemma 2, this function has the same poles and residues as (4(s).

The counting function of irreducible elements can now be expressed by the
Mellin-Perron formula from classical analytic number theory (cf. [6]):

24100
B(N) = KZN (1%)%@,/%)1%%.

n irreducible

Shifting the line of integration to Rs = p—e, where the integral is still convergent,
we obtain by residue calculus

1 .
: — Res (Ca(s)efmilosa N L O(NP~F)
(P+ kﬂz)(p+1+ kﬂ‘Z)S:p+k7m

log « log Tog @

B(N)=N*">"

kEZ

— N*U (% log, ) + O(N"~)

with a continuous periodic function ¥. For more details on the application of this
technique to digital functions we refer to [3, 5].
The counting functions A(N) defined in (7) and B(N) are related by partial
(Abel) summation:
1
B(N) =+ > A(n). (11)
n<N
The periodic function ® in Theorem 2 is Hoélder continuous with exponent p > %

by (6). Therefore its Fourier series is absolutely convergent by Bernstein’s theorem
(cf. [7]). Thus the Fourier coefficients of ® can be related to those of ¥ by (11)

d(k) = (p—i— 1+ ki )\Tl(k) — 1 Res Ca(s)

= — _
log o P+ mL s=pt itz

log o
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by [3] or [5, Proposition 5.
We have used the numerical method for the computation of (4 (s) as described
above to compute the first Fourier coefficients

&)(O) = 1.2805518195386460216946037033568563347660801437933 .. .,

@(1) = 0.072680149457538598589977133015533730235053618517778 . . .
+ 0.010398381210825974099196428902369009784854020134648 . . .1,

@(2) = —0.001564808148052238888496969303490183402915232587181 . ..
—0.017356976045800856810743168654268946461607279485855 . . 1.

The plot of the first 50 terms of the Fourier series compared to the function ® is
shown in Figure 1.

Acknowledgement. The authors are grateful to two anonymous referees for
their valuable comments and suggestions.

References

[1] G. M. Bergman, A number system with an irrational base, Math. Mag. 31 (1957/58), 98-110.

[2] C. Cooper and R. E. Kennedy, The first moment of the number of 1’s function in the (-
expansion of the positive integers, J. Inst. Math. Comput. Sci. Math. Ser. 14 (2001), 69-77.

[3] P. Flajolet, P. J. Grabner, P. Kirschenhofer, H. Prodinger, and R. F. Tichy, Mellin trans-
forms and asymptotics: digital sums, Theor. Comput. Sci. 123 (1994), 291-314.

[4] C. Frougny, How to write integers in a non-integer base, LATIN 92, Sao Paulo, Lecture
Notes in Computer Science, vol. 583, Springer, Berlin 1992.

[5] P. J. Grabner and H.-K. Hwang, Digital sums and divide-and-conquer recurrences: Fourier
expansions and absolute convergence, Constructive Approximation 21 (2005), 149-179.

[6] G. Tenenbaum, Introduction to analytic and probabilistic number theory, Cambridge Studies
in Advanced Mathematics, no. 46, Cambridge University Press, 1995.

[7] A. Zygmund, Trigonometric Series. Vol. I, II, Cambridge University Press, Cambridge,
1988.

(P. Grabner) INSTITUT FUR ANALYSIS UND COMPUTATIONAL NUMBER THEORY, TECHNISCHE
UNIVERSITAT GRAZ, STEYRERGASSE 30, 8010 GRAZ, AUSTRIA

E-mail: Peter.Grabner@tugraz.at

(H. Prodinger) DEPARTMENT OF MATHEMATICS

UNIVERSITY OF STELLENBOSCH

7602 STELLENBOSCH
SOUTH AFRICA

E-mail: hproding@sun.ac.za



