Asymmetric generalizations of the Filbert matrix and
variants

Emrah Kili¢ and Helmut Prodinger

ABSTRACT. Four generalizations of the Filbert matriz are considered, with
additional asymmetric parameter settings. Explicit formulae are derived for
the LU-decompositions, their inverses, and the inverse matrix. The approach is
mainly to use g-analysis and to leave the justification of the necessary identities
to the g-version of Zeilberger’s algorithm for some of them, and for the rest
of the necessary identities, to guess the relevant quantities and proving them
later by induction.

1. Introduction

The Filbert matrix Fy = (hi;)Y,_; is defined by h;; = ﬁﬂ as an analogue
of the Hilbert matrix where F,, is the nth Fibonacci number. It has been defined
and studied by Richardson [10].

The Filbert matrix has been extended by Berg [1] and Ismail [2].

The present authors have generalized and extended this concept in a series of
papers [3, 4, 5, 6, 7, 9] to matrices with entries

1 1
and

Fx(iti)+r PN+ 1) 47 - - PN ijth—1)+r LGty tr - Da(itjth—1)4r

Here, \,k > 1 and r > —1 are integer parameters and L,, are Lucas numbers.
In another direction [5], the matrices with entries

L(itj)+r
L(itj)+s

ij = % and U,jj =
A(i+j)+s
were introduced; here s, » and A are integer parameters such that s # r, and
r,s > —1 and A > 1. This was the first nontrivial instance where the numerator of
the entries is not equal to one.
All these extensions were driven by the search for “nice” explicit results: explicit
formule for the LU-decomposition, their inverses, and the Cholesky factorization.
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Here, we go one step further, by allowing an asymmetric growth of indices. We,
however, confine ourselves to k = 1; for this instance, the inverse matrix also enjoys
nice closed form entries, which is no longer true for £ > 2. To be more specific,
we introduce four generalizations of the Filbert matrix F, and define the matrices
T, M, H and W with entries
1 _ Bitpjir

- M
’ 1) I (¥
F)\iJr;LjJrr

Lxitpjtr

1
— and Wij = s
L)\i+,u,j+s

ti; =
J
L)\i+p,j+r

N F)\i+p,j+s
respectively, where s, 7, A and u are integer parameters such that s # r, and r, s >
—land A\, > 1.

Of course, because of these asymmetric entries, we cannot get a Cholesky de-
composition anymore.

Now we discuss our settings. Let {U,} and {V,,} be generalized Fibonacci and
Lucas sequences, respectively, whose Binet forms are
n _ AQn 1— "
v, =" _g e _qq and V= a"+ B = a"(1 +¢")
with ¢ = 8/a = —a™2, so that o = i/,/4.

When a = 1%@ (or equivalently ¢ = (1 —+/5)/(1++/5)), the sequence {U,}
is reduced to the Fibonacci sequence {F), } and the sequence {V,,} is reduced to the
Lucas sequence {L,,}.

When a = 1+ /2 (or equivalently ¢ = (1 —+/2)/(1 ++/2)), the sequence
{U,} is reduced to the Pell sequence {P,} and the sequence {V,,} is reduced to the
Pell-Lucas sequence {Q}.

We will mostly deal with the g-forms; translating the results back to the the
Fibonacci and Lucas world, say, is easy: We only have to systematically replace
1—¢" by 2=%4F, and 1+ ¢" by a™L, and replace what is eventually left by its

an—1

numerical values.

Throughout this paper we will use the notation of the ¢g-Pochhammer symbol
(1q)n = (1 —2)(1—xq) - (1 —xq"?).
We rewrite the entries of the matrices 7, M, H and W in g-form:
o sl—r—Xi—pj A (Nitpj+r—1) l1—¢q
tz] =1 q2 1_qki+uj+’r’
ser 1 — q)\i+uj+r
P
1— q)\i+uj+s’

mij = 17—
Biv — i—/\i—uj—rq—%(AHMH) 1
1] 1—|—q>‘i+ﬂj+r’

N
wi; =177% %1‘*‘(1 e
) 1+ q)\i—&-,uj-&-s '
In each of the four instances, we consider the LU-decomposition of the matrix
M = LU. We are able to get explicit formulee for L, U, L=!, U~! and M~
As it was noted in the above cited earlier papers, the sizes of the matrices do

not really matter, and they can be thought as infinite matrices and we may restrict
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them whenever necessary to the first N rows resp. columns and write Ty etc. This
is not true for the inverse matrices; here, the entries depend on N.

All our identities hold for general ¢, and results about Fibonacci and Lucas
numbers come out as corollaries for the special choice of ¢, as explained.

The important part is to find the explicit forms. This was done by experiments
with a computer algebra system and spotting patterns. This becomes increasingly
complicated when more and more new parameters are introduced, as the guessing
only works for fixed choices of the parameters, and one needs to vary them as well.

Once one knows how the entries look like, proofs are by reducing sums to
single terms. For this, the g-Zeilberger algorithm is a handy tool. However for
the matrices M and W, the present versions of the g-Zeilberger algorithm do not
work, and we have to simulate it by noticing that the relevant sums are Gosper-
summable. To do this, some more guessing (with an additional parameter) is
required. Consequently, since all these proofs are routine and somewhat tedious,
we only present two typical examples. It would be a good student project to work
them all out in full detail.

As an illustration, we always write out the Fibonacci/Lucas cases for A,y €
{2,3}and r =1, s = —1.

2. The matrix T

We obtain the LU-decomposition T =L - U:
THEOREM 2.1. For 1 < d < n we have
r4+p+Ad.

L, = Pd=m) g~ EA@-n) (0% ¢M)n-1(q ;q")a
" (0% ¢ )n—a(q*; ¢*)a—1(g T+ g )a

Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 2.1. For1<d<mn,

CljllFm) (f{lFm-s-sdH)
" (nﬁdFSt) CﬁllF St) (tﬁ1F2t+3d+1> |

t=1

THEOREM 2.2. For 1 <d < n we have

e 2
Ud,n _ il—T—Ad—p,nqp, L2d+rd—%+(k+u)%—%

(@) a1 (1 - q) (4" )n—1
(gt g ) alq A M) a1 (050" )n—a

Fibonacci Corollary for A\=3, y =2 and r = 1:
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COROLLARY 2.2. For1<d<n

d—1 <tUIF3t> lj )
(t]iFBt+2n+l) (T:l_[szt) (tl:lllF2t+3d+1)

Ud,n =

& /’\

The inverses of the matrices L and U:

THEOREM 2.3. For 1 <d < n we have

AL A r+p+Ad. p
— — — (n—d)? ) — ) —
[nld ( l)n di)\(d n) AL 2'1 (q q )n 1 (q q )’ﬂ 1

(@ aM)n-a(g®; ¢ a—1 (¢ q1)
Fibonacci Corollary for A\=3, py =2 and r = 1:

COROLLARY 2.3. For1<d<n

n—1

—("=T) (HF3t)(HF2t+3]+1)
(HR%) (HFBt) (HF2t+3n+1)

THEOREM 2.4. For 1 < d < n we have

-1
Ln,d

Ud_n — 7)\" +u undfrnJrng%(71)n+dir71+)\n+ud
o @ g ) (g )
(1= a)(a*¢*)n—1(a"; @")n—a(g"; ¢")a—1
Its Fibonacci Corollary for A =3, y =2 and r = 1:

COROLLARY 2.4. For1<d<n

n—1 n

(HF3t+2d+1> (HF2t+3n+1>
-1 _ )+d—1_ t=1 t=1

Ud»n - (_1)(2) n—1 n—d d—1 :
(HF3t) (HF2t> (Hth)
t=1 t=1 t=1
As a consequence, we can compute the determinant of Ty, since it is simply
evaluated as Uy 1 --- Un, N

THEOREM 2.5.
det Ty =i (n— A)(N+1)+N(1—r) IN?(putr)— LN+ L uN(N2—1)+ L AN(N+1) (2N +1)

N
(1- H )a-1(g"; ¢")a—1
2 ’"“*“d )d(qH_ WA i) a1

Fibonacci Corollary for A\=3, y =2 and r = 1:
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COROLLARY 2.5.

det Ty = (—1)("T)+N ﬂ 1 Cﬁ F31Fyy
e N = (— 3 .
ooy Faavan+1 3 Faevon+1F 204341

Now we compute the inverse of the matrix T. It depends on the dimension, so
we compute (Tn)~ L.

THEOREM 2.6. For1<n,d < N:
(Tw)oL = (_1)n—dir—1+;m+,\dqu§+/\§—HNn—ANd—Ns+g+§

(qr—HnH—A; qA)N(qr+)\d+u; qM)N 1 1
(@ 0" N-a(@ ¢ a-1("; ¢*)N—n(q"; ¢*)n—1 1 — g Hin+rd 1 — ¢

Remark. The inverse matrix and the other inverse matrices presented in
this paper were not computed using the inverses of L and U, but rather obtained
directly by our usual guessing strategy. While the first alternative would mean
that we would have to simplify a sum, the second approach stays within our chosen
method.

Fibonacci Corollary for A =3, py =2 and r = 1:

X

COROLLARY 2.6. For1<n,d < N:

N N
(71)(7,,'2"1)+(N+1)(n+1)+d (HF2t+3d+l) (HF3t+2n+1)
t=1 t=1

-1 _
(TN)nja = N-n n—1 N—d d—1 Fontsdi1
( H F2t) (Hth) ( H F3t) (HE%)
t=1 t=1 t=1 t=1
3. The matrix M

We obtain the LU-decomposition M = L - U:
THEOREM 3.1. For 1 <d<n we have

(q)\; qA)n—l (qs+)\d+/t; q,u)d 1— q()\+li)%+)\(n—d)+r+s(d—l)

L =
M ) a 1@ na (@ gYa g0 S s

Fibonacci Corollary for A\=2, p =3, r=1and s = —1:
COROLLARY 3.1. For1<d<n,

n,d —

d—1 d
(I For) (11 Foviaa)
t=1 t=1 5d(d+1)/242n—3d+2

CI;II F2t) (7:1;[? F2t> (tlj1 F3t+277,—1> Fra(a+1)/2—d+2
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THEOREM 3.2. For 1 <d<n we have

Uy = i1 g 20 - 25 s (%5 0M)a-1(¢";9")n
=
(q"; q*)n—alqsTATme; qX)a(gstrrAds gi) gy

1— q(Aw)Ww(n—d)wﬂ(d—n
(I1—=4¢"7%).

1— q()\+,u)@72s+r+ds

Fibonacci Corollary for A=2, p =3, r=1and s = —1:
COROLLARY 3.2. For1<d<n
d—1 n—1
(if ) (11 £
=1 =1
n—d d—1 d
( I1 FBt) ( F3t+2d—1) (H F2t+3n—1)
=1 =1 (=1

" Fsaga+1)/24+3n—ad+2

Uan = (1) (-1)2)

Fsaa—1)/2—d+3
The inverses of the matrices L and U:
THEOREM 3.3. For 1 < d < n we have

—Ad+ #TLQ-‘F%H-"-T-FS(TL—Q)

-1l — (_1)n—dq,\”<"+”+,\%—,\nd I—q
nd 1 — g At n2 4 A5t s(n—2)

(030" )n—1 (g1 g)

(00 a-1(q%; ¢ ) n—a (g5FAF1; 1),y

Fibonacci Corollary for A\=2, py =3, r=1and s = —1:

COROLLARY 3.3. For1<d<n

n—1 n—1
(—1)n7d( I1 th) ( I1 F3t+2d71>
=1 =1 Fsnns1)/2—4n—24+3

d—1 n—d n—1 3 lr— _n
(H F2t) ( II F2t> ( I1 F3t+2n—1) Sn{n—1)/2-n+3
=1

t=1 t=1

-1
Lmd -

THEOREM 3.4. For 1 < d < n we have

n(n—1) , d(d+1) rts 1
Ud_rlL _ isfr(il)nquf)\#Jru#fﬂnd«k 5= —ns
) (1 _ qr—s)
(q)\-‘rud-&-s; qk)nil(qu-&-)\nﬁ-s; q“)n 1— q()\+u)w+u(n—d)+r+s(n—2)
X
(@50 n-1(a"30")n-a(@";@")a—1 1 — gO+m) =5 4rts(n—1)

Its Fibonacci Corollary for A\=2, uy =3, r=1and s = —1:
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COROLLARY 3.4. For1<d<n

n—1 n
tin ( [T F2t+3d—1> (H F3t+2n—1>
1 (_1)( : )+nd t=1 t=1

Ud,n B d—1 n—1 n—d
(tl;ll F3t) (tl;[1 th) <t1;[1 th)

% F5n(n—1)/2+2n—3d+3

Fsn(nt1)/2-n+2

As a consequence, we can compute the determinant of My, since it is simply
evaluated as Uy 1 ---Un, n:

THEOREM 3.5.
det My = iN(rfs)q%()d»,u)N(N?71)+%N(Ns+sf2r)(1 _ qrfs)N

1 — g+ G brts(d—1)

N
H (0 0")a-1(q"; ¢") a1
oo (@ Fats ) (qrirdtss i) gy 1 g 5 —2srtds

Fibonacci Corollary for A\ =2, y =3, r=1and s = —1:
COROLLARY 3.5.
d—1 d—1
N N o d—1 (H th) ( H th)
det My = (~1)N+ENOVE-D TT AU T =1 =1 .
i Fsda-1)/2-ats 5 (4 d
(tHI F3t+2d71> <tH1 F2t+3d71)

Now we compute the inverse of the matrix M. It depends on the dimension, so
we compute (My)~ L.

THEOREM 3.6. For 1< n,d < N:
(MN),:Z _ (_1)n—dis—rq%+>\%+u%—Ns—NdA—Nnu

(g* AT M N (g5 TP g

)

X
(M) v—a(@*6*)a—1(a"; ") n-1(a"; 4" ) N—n

1 1— q()\+u)w—)\d—un+r+sN—2s

X (1 _ qur/—LnJr)\d)(l _ q'r’fs) 1 q()““‘) N<1;+1)+T+SN—S

Fibonacci Corollary for A=2, p =3, r=1and s = —1:

COROLLARY 3.6. For 1 <n,d < N:

(_1)("§I)+d+n+Nn (f[l F3t+2d,1) (f[l F2t+3n,1)

d—1 n—1 N—d N—n
(H F2t> ( IT F3t)( I1 FZt)( I1 F3t)F2d+3n—1
=1 =1 =1 =1

" Fsn(N+1)/2—2d—3n—N+3

M), g =

)

Fsn(Ny1)/2-N42
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4. The matrix H
We obtain the LU-decomposition H = L - U:
THEOREM 4.1. For 1 <d < n we have
Ao—ay (€T g g (0 ¢)n—1
(=gt gt) g (0502 a-1(0% 4 )n—a’

Fibonacci Corollary for A\=3, y =2 and r = 1:

—d
/\nTi,

Ln,d =4q

COROLLARY 4.1. For 1 <d < n,

n—1
L2t+3d+1> ( I1 F3t>
=1

Laronn) (TUR) ()

THEOREM 4.2. For 1 <d < n we have

H
I

h

I
N */_\
NN

—le—r—pun— n—d _r a2
Ud,n:(_l)d 11 r—un—Xd _p 5=+rd 2+(/\+;,L) 5

q
(%50 a-1 (¢"59")n—1
(=g timt2s g )a(—qm A gh) gy (g5 9" )n—a

Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 4.2. For1<d<n
d—1 n—1
(—1)(&) 591 (EIF?”) (tl;llet)
d d—1 n—d
(H L3t+2n+1) ( I1 L2t+3d+1> ( [T FQt)
=1 =1 =1

The inverses of the matrices L and U:

Udn:

s

THEOREM 4.3. For 1 < d < n we have

-l (_1)n—di—,\(n—d)qxﬂ (—qmtrtAds gy, 4 (@54 )n—1
n,d

(=gt g )1 (250N a—1(0 4N n—a

Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 4.3. For1<d<n

n—1

(tl;ll L2t+3d+1) (jljllFst)
CljllL2t+3n+1> (jljllFSt) (jljldFSt) |

THEOREM 4.4. For 1 < d < n we have

(—1)("3)+(2)—nd

X
Q-
|

U;l — (_1)d—1i7'+)\n+udq—k%+u§—und—rn-{-g
n

(—g"THIFA g, g (=g TR g1,

(@ aM)n—-1(0"¢")a—1(¢" ¢")n—a
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Its Fibonacci Corollary for A =3, y =2 and r = 1:

COROLLARY 4.4. For1<d<n
n n—1
(H L2t+3n+1) ( II L3t+2d+1)
t=1 t=1
d—1 n—d n—1 :
sn—1 ( I1 F2t) ( IT F2t> ( I1 FSt)
t=1 t=1 t=1

As a consequence, we can compute the determinant of Hy, since it is simply
evaluated as Uy,1 -+ - Un, Nt

U7l = (—1)(")

THEOREM 4.5.

L 2 n 3 7 2,
det FHr = i%N(N+1)(A+u)+Nr+N(N+1)qNQ;’ Dy MR M)y N

H M) a-1(q; ¢") a1

”“d“ saM)a(=q A gr) gy

Fibonacci Corollary for A =3, p =2 and r = 1:

(1r) (11 7)
d—1

( H L3t+2d+1) (tl;llL2t+3d+1) |

COROLLARY 4.5.

N
det Hy = 5N V-1/2(_1)("37) H

Now we compute the inverse of the matrix H. It depends on the dimension, so
we compute (Hy)~!

THEOREM 4.6. For 1 <n,d < N:
(%N)T_L,b _ (_I)Nflfnfdir+#n+)\dqu§+)\§7p,Nn7/\Nd7Nr+§
(=g )N (=g )N 1
(@) N-ala*; @) a-1(0"; ¢* ) N—n(q"; @ )n—1 L+ 7T AL
Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 4.6. For 1 <n,d < N:

N N
( I1 L3t+2n+1) ( I1 L2t+3d+1)
=1 =1

(}CN),;; _ (_1)(‘“2'1)+Nd+n+d

(M) () (1 1) (1)

5. The matrix W

Now we collect our results related to the matrix 'W.
For convenience, we use the same letters L, U, but with a different meaning.
We obtain the LU-decomposition W =L - U:
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THEOREM 5.1. For 1 <d<n we have
(qA; (]/\)nfl (_qs+>\d+u; qu)d
(@0 a—1(a*: @ )n—a (—g=HAn 1 g1 ) g
1— (_1)dq(x+u)%M(n_d)wﬂ(d_n
X

Ln,d =

1 — (=1)dgO+m 5 +rts(d-1)
Fibonacci Corollary for A\=2, p=3,r=1and s = —1:

COROLLARY 5.1. For1 < d < n,

n—1 d
( I1 th) IT Lstt+2d—1
=1 =1

Lna=—7 n—d d
(H F2t> ( I1 th) IT Lst+2n—1
=1 =1 =1

Lsa(at1)/24+2n—3d+2 Zfd is even
« Lsg(a+1)/2—d+2 ’

Fy oo g
At 3A2 gt ] s odd.
5d(d+1)/2—d+2

THEOREM 5.2. For 1 <d<n we have

d(d—1)  r4s

(D) O T T (N ) a1 (0501

Uin =
" (q"; ") n—a (=g T0H55 g ) a(—grHAdts; git) gy
1 — (=1)dgO+Hm S (=) +rds—s

X 1—¢"7%).
1+ (_1)dq(x+u)—d(d5”+r+ds—25 (1=¢")

Fibonacci Corollary for A\ =2, py=3,r=1and s = —1:

COROLLARY 5.2. For1<d<n
d—1 n—1
(H th) ( I1 FSt)
t=1 t=1
n—d d—1 d
( [T F3t) (tH1 L3t+2d—1) <tH1 L2t+3n—1)

t=1

541 3n_ . .
Fs(d+1)d/2+3n 4d+2 if d is odd,

L Fa—1)/2-a+3

5" F5(a+1)d/2+3n—4d+2
Lsa(a—1)/2—d+3

X

if d is even.

The inverses of the matrices L and U:

THEOREM 5.3. For 1 < d < n we have
n—d

(_1)n—dq>\( > )(qA(n—d—H); qA)d_l(_qs+,u+>\d; q“)n—1
(5 qN)a—1(—gstrtrnsgr),

1+ (,1)nq(z\+#)%*Mn*AdJﬂ“*?Hns
X

-1
Ln,d -

1+ (_1)nq()\+u)%7unf)\n+r72s+ns ’

Fibonacci Corollary for A\=2, y=3,r =1 and s = —1:
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COROLLARY 5.3. For1<d<n

- (=" d(H F2t) Cl:[llstqu)
Lna=—g7

lj ) ( H F2t> (tljll L3t+2n—1>

5n(n+1)/2—2d—4n+3 . .

if n is odd
{ Fsn(n+1)/2—6n+3 f 7
<d

Lsn(nt1)/2-2d—an+3 if n is even
Lsn(nt1)/2—6n+3 :

THEOREM 5.4. For 1 < n we have

rts 1y d(d+1) n(n 1)
— S+p——F—+—-A—%——ns—und
Ud,n =q 2 -3t H

y i (_ )d—l(_ s+)\+,ud; q)\)n_l(_qs—l-u—&-kn; q,u)n
(1 =g =)@ M) n-1(a"; ¢")n—alq"; ¢*)a—1
1+( 1) (A + )(n(n 1)/2)+p(n—d)+r+s(n—2)

1 — (—1)ngA+m 5 4rts(n—1)

Its Fibonacci Corollary for A\=2, p =3, r=1and s = —1:

COROLLARY 5.4. For1<d<n

Ul (_1)(d+1)+d+n . (nﬁl L2t+3d—1) (tlill L3t+2n_1)
(11 7)1 7) (1L )

Lo (n— n— . .
Snin—1)/282n 3448 4f 45 even,
F5 Fsp(nt1)/2—nit2
5n(n—1)/24+2n—3d+3 . .
if n is odd.
5" Lgn(nt1)/2—nt2 f

As a consequence, we can compute the determinant of Wy, since it is simply
evaluated as Uy1---Un n (we only state the Fibonacci version for A = 2, p =3
r=1and s =—1):

THEOREM 5.5.

det Wy = (—1)sV(¥*=1)

d—1 d—1

N ( H F2t> ( H F3t) 5d71L5(d+1)d/27d+2 Zfd is odd

H (=1 =1 R y— )
d 5Fsas1)a/2—ata if d is even

d=1 (H L3tqoq- 1) (H L2t+3N71) Lsa(a—1)/2—a+3 k ’
=1

Now we compute the inverse of the matrix W. It depends on the dimension, so
we compute (Wy)~!

THEOREM 5.6. For1<d<n<N:

s—r n—d—1+N A2t 4 ndD) N NdA—Nnp+ ks
(WN)pg =1°77(-1) gtz TR HT2
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1 (=gt )N (=g gty
X
(1+ ot (1 —¢7=°) (¢ ¢ N -a(9: ) a-1(a"5 ¢*)n-1(g"; ¢ )N —n

1+ (71)Nq(/\+;t) NINFD _Xd—pn+r+sN—2s
X

1— (71)Nq(A+M)N(++1)+T+SN—s
Fibonacci Corollary for A =2, p=3,r =1 and s = —1:

COROLLARY 5.5. For1<d<n<N:

(—1) ("37)+ntd—Nn (f[l L3t+2d71) (f[l L2t+3n—1)

Wn), L =
( N)n,d d—1 n—1 N—d N—n
(H th) ( [T F3t>< IT th)( I1 F3t>L2d+3n—1
=1 =1 =1 =1
L Cd_an_Nis . .
5’\’,511\;“)/2 24-3n-N43  4f N is even,
X< g 5N (N+1)/2—N+2
5N(N+1)/2—2d—3n—N+3 if N i
SN1LsN(N+1)/2- N+2 if N is odd.

6. Proofs

Following our introductory remarks, we present now two proofs about the ma-
trix T.
In order to show that indeed 7 = L - U, we need to show that for any m, n:

3 — _sler=dm—pn -1y 174
Lm,dUd,n = tm,n =1 qZ 1— q)\m+;Ln+r '
d

In rewritten form the formula to be proved reads

ol—pr— _ 1 TS
S LinaUain = (@5 0)m-1(0"5¢") 1 (1 — )it #nAm gz Gmtuan=r=1)
d

L2 (A+p)+rd—Lpd—3d( r+ut+rd

> q2 (q 1q")d
7 (@) m—a(qg A #)a(q" ¢# n—a(q A7 N )a(qm T g ) g

Apart form the constant factor, it should be proven that

Z q%dQ(A+,u)+rd—%pd—%d(qr+p+)\d; )a

61) (@5 g ) m—alq 27 1) (g5 ¢ ) n—a(@ #7475 g )a(qm A g )a s
1

(0% ¢*)m—1(g"; ¢")n—1(1 — grmtrntr)’

For the verification of the last equation, let us denote the LHS of the equation (6.1)
by SUM,,, then the Mathematica version of the g-Zeilberger algorithm [8] produces
the recursion

1— qm()\—l)-i-un-f—r

SUM,,, = (1 _ qm(,\fl))(l _ qm)\+un+r)

SUM,,—1.
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Now we move to the inverse matrices. Since L and L~! are lower triangular
matrices, we only need to look at the entries indexed by (m,n) with m > n:

- (q)\§q>\)mfl._,\ 1 n ian2
L dL 1 — i mq2 m(_1\"{i an n
2 Lmalay (¢ )n—1 =)

2
(_1 dqf)\dn+%>\d *%’\d(q’ﬁ’\dﬂ;q“)d(q““\”“;q“)dq

)
X .
Z (@ ¢ m—a(@"TAmF7 g1 a(q; ¢ a—n (@A g1 ) g1

)

For the sum on d in the last expression, the g-Zeilberger algorithm evaluates it and
give us 0 for m # n. For m = n, it is easy:

Mi*/\nq%kﬂ(il)niknq%)\ng
(@5 a*)n—1

(_1)nq—>\n2+%)\n2—%)\n(qu-&-)\n+r; q/t)n<q,u+)\n+r; q“)n—l .

(AT ) (@ AT g )y

In that case, the equality is valid as well and so the proof is complete.

Now we present one proof for M.

We start with an introductory remark. For all the identities that we need to
prove, experiments indicate that they are Gosper-summable. However, the entries
that we encounter in our instances, do not qualify for the ¢-Zeilberger algorithm
that we used in our earlier papers. Therefore, it was necessary to guess the relevant
quantities; the justification is then complete routine. However, this guessing pro-
cedure is (with all the parameters involved) extremely time consuming, and so we
confined ourselves to the demonstration of one such proof. We hope that extensions
of the ¢-Zeilberger algorithm will be developed that fit our needs.

We deal now with
. Lmaly,

n<d<m

and prove that it is 1 for n = m (there is only one term in the sum) and 0 for
n > m since we have lower triangular matrices. So let us assume m > n. We will
prove a general formula depending on an extra variable K:

1 K—n ZNEEFD gl
E LTTL,de’n = (_1) q 2 2

n<d<K
1— q()\+u) K(I§+1) +r+sK—s+(m—n)\
X
1— q(/\—l-u) K(I§+1)+r+sK—s
y 1 (qk; (I/\)mf1 (qs+>\n+u; (]M)K

L= g2 (g2 ¢ k-0 (@ @) ) m-1-k (@3 ¢ )n—1 (@A F15 g )
The formula we need follows from setting K := m. Note that the RHS of
formula equals 0 when K = m > n because of the term (¢*;¢*)m_x_1 in the
denominator of the second row. The proof of the formula is by induction. Clearly
it is true for K = n, and the induction step amounts to show that
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> Lmalgh+Lmxalihi,= >, Lmalgh.

n<d< K

n<d<K+1
which equals
(1)K -np U ARzl 1 = g I K —str(mem)h
! 1 — g+ S s K —sr 1— grm—an
<q>\; Q’\)m—1 (qs—'r)\n-‘ru; qH)K
(0% 0M) k—n (@ @) m—1-K (4% ¢ )n—1 (¢*T ™1 g)
(@5 4M)m—1 (g HAE D+ gy o)

(@M k(@ ¢ ) m—k—1 (¢TI gH) g
1— q()\+u)7(K+l)2(K+2) +A(m—K—-1)+sK+r

1= O EENEED) | gy,

+Antp.
X (1)KL AR (41 (¢° T M)k
! (g PAEF D1 gh ) e
1— q7/\n+#(K+1)2+¥(K+1)+T+S(Kfl)

(M) K
1 — g AMEFDFAEE(EHD)24 252 (K4 D) +r+s(K=1) (¢5¢M)n-1(¢%; 4N K 11-n

K1) (K42 n(n—1
_ (_1)K+1—nqk()2#—)\n(l(+l)+)\%

1 — Ot EEEER s (K ) =+ (m—n)A

1
1 _q(>\+[t)(K+1)2(K+2)+S(K+1)7S+T 1 7q)\mf)\n
y (@4 m—1 (@A ) K

(0N K—nt1(0% @) m—k—2(a*; ¢ )n—1 (¢TI TR ) iy
or

- q(A+u)w+sK75+r+(m7'ﬂ))\)(l _ q(/\+u)W+sK+r)
% (1 o qA(K—n-i-l))(l o qs+/\m+u+uK)
+ (1 _ qs+)\(K+1)+u+uK) > (1 _ q(/\—i-u)%W—&-)\(m—K—l)—&-sK—&-r)

% (1— qf)\n+>‘2ﬂ(K+1)2+>‘%"(K+1)+r+s(K71))(1 _ Amf)\n)

q
— RN (] q(/\Jr/L)W+S(K+l)fs+r+(mfn))\)
% (1 o q()\Jru)ersterr)(l _ q)\(mefl))(l _ qur/\thpHruK)7

which is a routine check. Thus we have the claimed result.

References

1. C. Berg, Fibonacci numbers and orthogonal polynomials, Arab. J. Math. Sci., 17 (2011), 75-88.
2. M. E. H. Ismail, One parameter generalizations of the Fibonacci and Lucas numbers, The
Fibonacci Quarterly 46/47 (2008/2009), 167-180.



9.

ASYMMETRIC GENERALIZATIONS OF THE FILBERT MATRIX 15

. E. Kilig and H. Prodinger, A generalized Filbert matriz, The Fibonacci Quarterly, 48 (1)
(2010), 29-33.

. E. Kilig and H. Prodinger, The g-Pilbert matriz, Int. J. Comput. Math., 89 (10) (2012), 1370-
1377.

. E. Kilig¢ and H. Prodinger, Variants of the Filbert matriz, The Fibonacci Quarterly, 51 (2)
(2013), 153-162.

. E. Kilic and H. Prodinger, The generalized Lilbert matriz, under review.

. E. Kili¢ and H. Prodinger, The generalized q-Pilbert Matriz, Mathematica Slovaca, to appear.

. P. Paule and A. Riese, A mathematica q-analogue of Zeilberger’s algorithm based on an al-

gebraically motivated approach to q-hypergeometric telescoping, in: Special functions, g-series

and related topics, Fields Inst. Commun. 14 (1997), 179-210.

H. Prodinger, A generalization of a Filbert matriz with 8 additional parameters, Trans. Roy.

Soc. South Africa, 65 (2010), 169-172.

10. T. Richardson, The Filbert matriz, The Fibonacci Quarterly, 39 (3) (2001), 268-275.

DEPARTMENT OF MATHEMATICS, TOBB UNIVERSITY OF ECONOMICS AND TECHNOLOGY,,

ANKARA, 06560, TURKEY

E-mail address: ekilic@etu.edu.tr

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF STELLENBOSCH, STELLENBOSCH 7602, SOUTH

AFRICA

E-mail address: hproding@sun.ac.za



