SUMMING A FAMILY OF GENERALIZED PELL NUMBERS
HELMUT PRODINGER

ABSTRACT. A new family of generalized Pell numbers was recently introduced and studied by
Bréd [1]. These number possess, as Fibonacci numbers, a Binet formula. Using this, partial
sums of arbitrary powers of generalized Pell numbers can be summed explicitly. For this, as
a first step, a power Pi is expressed as a linear combination of P,,,,. The summation of such
expressions is then manageable using generating functions. Since the new family contains
a parameter R = 2", the relevant manipulations are quite involved, and computer algebra
produced huge expressions that where not trivial to handle at times.

1. INTRODUCTION
Brdd [1] recently introduced r-Pell numbers, via

P(r, n) = Cli‘? + Czrg,

with
2" £ /47 4 2r+l C 1+ 2T +1
r = , = —_—.
1.2 2 1,2 4r + 2r+1

The classical Pell numbers are then given as P,,, = P(1,n). First, we write R = 2", and
W = vR2 + 2R. Then we have

Ciri + Cyr) = —(ri™ —r*?),

and we will consider the shifted versions
R+ vR2+4+4R R—VR2+4R
-5 M=

2 2
This version is slightly more appealing, and fits better with the classical Pell numbers: P,(n) =
P(n). (For R =1 we are in the world of Fibonacci numbers.) The recursion is

Py(n+2)—2RPy(n+ 1) —RPy(n) = 0,

Pp(n) := }%(l" —u"), with A=

and the first few numbers are

2 R R?
0,}—3,2,2R+ 1,2R(R + 1),5(4R2+6R+ 1),5(2R+3)(2R+ 1),...
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We also need the associated sequence

Quln) = (A" + "),

and it is easy to see that Qz(n) = 2P;(n + 1) —RPg(n).
The goal of the present note is to compute the sums

D Palkm)’

0<k<n
efficiently, for positive parameters m and /.

We presented such a treatment in [5] for Fibonacci numbers, and, more recently, also in
[6] for balancing numbers studied by Komatsu [3], but the current instance is definitely the
most challenging, as it contains the parameter R, and that makes computations difficult (even
for a computer).

2. GENERATING FUNCTIONS

First we give the generating function for the generalized Pell numbers, which follows im-
mediately from the Binet formula:

4z
Pp(n)z" = .
; R(2—2zR —2%2R)

We have

2™ Po((n+ 2)m) — (R(R + 1)2™ 1 Pa(m) —R*2™ 2P (m — 2))P((n + 1)m)
+ (—=1)™R™Py(nm) = 0.

For m = 1, this is just the ordinary recursion for generalized Pell numbers, but we need this
more general version.

This formula is not too difficult to prove using the Binet formula and the help of a computer,
but not so easy to find. We used Maple’s package gfun for that. Let us rewrite this in terms
of generating functions: Set

Fp(z) = ) P(mn)z",

n=>0
then
2™ Pp(nm)z" — 2 R(R + 1)27 Py(m) — R22" 2Py (m —2)) > | Py(nm)z™
n>2 n>1
+ z*(—1)"R™ Z Pr(nm)z" =0
n=>0
or

2"(F,,(2) — 2Py(m)) — 2(R(R + 1)2" " Py(m) — R?2" 2Py(m — 2) )F,(2)
+2%(—=1)™R™F, (2) =0,
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or
2™z Pg(m)
2m — z(R(R + 1)2m1Pz(m) — R22m=2Py(m — 2)) + (—1)mz2Rm

For m = 1, we get the first generating function again as a check.
Now let us abbreviate
az
F ()= —M——
n(®) b+ cz + dz2
then
1 a 1 a b—dz

—F — _
1—z2 n(2) b+c+dl—z b4+c+db+cz+dz?’

and, by reading off coefficients,

E ]—F (z)—ZPR(k )=

1-— c+d

1

+ m(pr(m(n +1)) + dPy(mn)).

3. CONVERSION OF POWERS

We need to rewrite Py(n)™ in a ‘linearized’ form. The cases m odd resp. even are signifi-
cantly different in complexity.

Py(n)?™+ = }%Z( 1)1( )PR((m 2])n)(__)fn

The first one is basically a rearrangement following the binomial theorem:

2m+1

(x_x—1)2m+1 — Z (2 m+ 1)( 1); 2j—2m—1

=
m 2m+1

:Z(zm )( 1)1 2j-2m—1 | Z (2m+1)( 1)} 2j—2m—1
j=0 J j=m+1 J

:Z(zm."' 1)(_1)jx2j—2m—1 Z(2m+1)( 1)) x—2+2m1
— ] — J
j=0 j=0

S (2m+1 S .
_ Z ( m] )(_1)](X2]—2m—1 _ X_2]+2m+1).
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The second one does not follow such a simple symmetry:

- 22mtl L rom\ Pu(2(m—j)(n+1)); Ryin
P = Eontrr 2 j:o(_l)l( j ) Pe(2(m —j) (=)

22m 1 & 12m)\ Pp(2(m — ))n)Qp(2(m— ) Ryin
TRmIR+T 2 ;(_1)]( j ) ham-p )

(2m 22m Rymn
=D (m )RBm(R+2)m(_E) '

This identity was found by creative guessing with a computer, taking two days. Using the
Binet forms, this is basically a polynomial identity, like the one that we used earlier in [4]:

N—1
XZN—X_2N=(X+X_1)Z( N +1 )(x_x—1)21+1.
1=0

N—-I1-1

We invite the readers to provide a formal proof, which should be basically an exercise in
manipulating binomial coefficients. The creative part of this was to find the identity.

4. SUMMING POWERS

Using the formulae of the previous section, we can evaluate

PG

0<k<n

We have shown already how to sum

Zn: Pr(km).
k=0

We need the slightly more general form, with a parameter o,

D Pakm)a*,
k=0

because of the extra powers (—R/2)'" in our formulae. But that is not difficult, since in
2™z Pp(m) B az
2m —z(R(R + 1)2m1Pp(m) — R22m=2P(m — 2)) + (—1)mz2Rm b +cz + dz?

we just have to replace z — oz, and

F(2) =

aoc 1 aoc b—do?z

1
—F, (02)= - ’
1—2 n(0%) b+co+do2l1—gz b4+co+do?2b+coz+do2z?

and, reading off coefficients again,
1 aoc 1

n F — _
[z]l—z n(0%) b+co+do?2 b+co+do?

(—do?Py(on) + bPy(o(n + 1))).
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5. EXAMPLES

Here is the generating function of the numbers
n
Z P, R(k)2 :
k=0

16 R—2 16 —2R+2zR*+ 2
(1—2)R2(R+2)*(3R—2) (R+2)(3R—2)R2(22R2—4zR(R+ 1) + 4)
1
6 2
(z2R+2)R2(R+2)
The coefficients can be expressed with generalized Pell numbers, as described in the previous

sections.
Another example is this:

> (2K,
k=0

with generating function

512(R® + 32R* + 32R® + 64)
(R+2)*(3R—2)(7R2—2R +4) (3R2 + 6R+ 4) (R2 + 2R — 4) (R3 —4R2 —8) (z — 1)
384(zR® — 64)
 (22RS— 162R3(R+ 1) + 64) R (R? — 4R> — 8) (R2 + 2R — 4) (R + 2)°
128 (2R +3) (2R + 1) (2R® — 64)
* (22R6 — 162R*(R + 1)(4R? + 8R + 1) + 64)R (3R> + 6R + 4) (7R> — 2R + 4) (3R — 2) (R + 2)?

We hope that this paper will trigger more research related to this new exciting families of
numbers.
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