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Abstract We study certain order statistics with respect to (probability) mass distribu-
tions of multinomial type on the unit interval. The asymptotic behaviour of the average
minimum and, respectively, maximum value among n words chosen independently at
random with respect to the corresponding probability measure is analysed. This is done
by a combination of a method based on the Mellin transform and the depoissonisation
technique.
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334 L. L. Cristea, H. Prodinger

1 Introduction

In [5] the authors introduce the multinomial measure on the unit interval in the fol-
lowing way. Let ¢ > 2 be a positive integer. Denote I = Ip,o = [0, 1] and

S .
In,jz[i’i)’ forj=0,1,....¢4" -2, In,q"lz[q ’1]
ql’l qn ql‘l

forn=1,2,3,....Letr = (ro, 71, ..., rg—1) With0 < r; < land 37 ry = 1.

The multinomial measure ji4 x is the probability measure on / defined by

mgxUn+1,gj+k) = Tk - gxrn,j)

forn =0,1,2,...,j=0,1,...,¢" =1,k =0,1,...,q — 1. For further details
about properties of the multinomial measure we refer to [5].

In Sect. 2 we introduce the generalised multinomial measure. Here a generalisation
consists, roughly speaking, in the fact that instead of dividing the unit interval into a
finite number of subintervals of equal length, we divide it into infinitely (and denumer-
ably) many intervals, such that the j-th interval has length pg/~!, where p = 1 — ¢.
One way to define the generalised multinomial measure is the following. We consider
the set WV of all (finite and infinite) words over the infinite alphabet No = {0, 1, ...}
and a probability measure P defined on the set of all words. A function value asso-
ciates to every word w in WV a real number value(w) € [0, 1), such that the closure
of the set of all such values, value(W), is the interval [0, 1]. Then the measure of
an interval ug r ([0,a)), 0 < a < 1 can be defined in a natural way as being the
probability P, that a word of W has the value less than or equal to a.

Section 3 is dedicated to the study of the behaviour of the average minimum value a,,
among n words of W chosen independently at random with respect to the multinomial
measure fiy g, forr; = Avj,j =0,1,....,where0 < v < 1,and v = 1 — A, which
we denote by i, 4. First, we establish a recursion for a,. In the sequel, we use the
exponential generating function and combine a method based on the Mellin transform
(see, e.g., Flajolet et. al [3]) and the depoissonisation technique (see, e.g., Jacquet and
Szpankowski [4] and Szpankowski [6]) for the study of the asymptotics of the average
minimum value a,,.

In the last section the issues of the previous section are studied for the average
maximum value among n words of W chosen independently at random with respect
to the measure 1, . We note that the final formulae obtained for the asymptotics show
a certain duality with respect to those of the previous section.

We mention that similar questions were also addressed by Bassino and Prodinger
who studied order statistics [1], where the interest was in general g-ary expansions with
missing digits, and by authors of the present work in a paper on the Cantor-Fibonacci
measure [2].

2 The generalised multinomial measure

Let A be a denumerable set {aj, ay, ...} which we call alphabet. For simplicity we
will assume, without loss of generality, 4 = {0, 1, ...} along this paper, i.e., A = Nj.
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Generalised multinomial measure 335

We introduce some notations: Let WV denote the set of all (finite and infinite) words
over the alphabet A and W,, the set of all words of length m (m > 1) over the alphabet
A. For the integers [,m > 1,1 > m and a word w € W, ® = wjw; ... of length [ or
oo let @™ denote the word w . . . wy,. Obviously we have W = A. We denote by
W the set of all words of infinite length over A.

A measure on YV may be constructed in the following way: Let r = {rg, r1, ...}
be an arbitrarily fixed sequence of real numbers such that r; > 0 for all j > 0 and
Z?.;O r j = 1.

We introduce a probability measure on )V in an inductive manner.

Definition 1 For any w, ' € W, = wjw; ..., and for any k € Ny,
Pr(w; = k) :=rr and Pr(w = ko) :=ri - Pr(onws - = @), 2.1

where kw denotes the (usual) concatenation of the letter k with the word '.

Now we construct a function that assigns a real value to every word of WW. Again
we proceed inductively. Let ¢ € (0, 1) be an arbitrarily fixed real number and let
p = 1 — g. We define, for any m > 1, the function value,, : W,, — [0, 1), by

value| (k) =1 —¢* and value,, (kw) = value; (k) + pq* - value,,_ (w),
2.2)

forw e Wy,—_1.

Definition 2 The function value : W — [0, 1) is the (unige) real function with the
property that for any m > 1 its restriction to W), coincides with value,,.

We remark that the closure (with respect to the canonic topology on R) of the set
value(W) is the interval [0, 1].

Remark An order relation on W denoted by <* can be introduced as follows:

(1) On W) = A =Ny <* coincides with the canonical order relation on Nj.

(2) Form > 2and w, ' € Wy, w0 =1 ...0n, 0" = o) ...w), wehaveif o <* o'
either if w; <* ) orif there exists a j € {1,...,m — 1} such that w; = o}, for
alll <i < jandw;y; <* a)}H.

(3) For w,w € W we have w <* &' if there exists an integer m > 1 such that
™ <* '™

One can easily verify that the function value is strictly increasing with respect to <*
and to the canonical order relation of real numbers.

The probability measure PP, on }V induces a probability measure ur 4 on [0, 1],
given as follows.
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336 L. L. Cristea, H. Prodinger

Definition 3 The generalised multinomial measure (of parameters r and ¢g) is the
measure [y 4 defined by

e ([0, @)) = ]P’r({w e W | value(w) < a}), 2.3)

for any a € [0, 1].

Remark Inthe special case r; = ql -p,foralll € Ny, one can show that 1 4, coincides
with the uniform distribution on the unit interval. Throughout this paper we consider
the case rp = Avk, where 0 < v < land A =1 — v.

Remark The multinomial measure can also be defined in the following equivalent
manner. Given areal number O < x < 1, choose the smallest i such that 1 — qi >,
and say that the first digitis i. The weight of digit i is Av’. We continue with (x — pg’) /q.
Moreover, if that process led to digits did> . . ., we define the value of x to be

(=g +pg" (1 = ™)+ pgP1(A—g®)+--- = D" p' Bt — g%).

i>1

3 Order statistics of the generalised multinomial measure: the minimum

In the following we study order statistics of the function value with respect to the
measure fiy 4, forr; = Av/, j =0,1,...,where0 < v < 1,and v = 1 — A, which
we denote Ly q.

3.1 The problem setting

We pick at random (with respect to the probability measure on )V defined above),
independently, n words from W,,, for n > 1. We apply the function value defined
above to each of the chosen words and look for the minimum among these n values.
The same can be done with all random choices of n words of WW,. Let us denote by

a,ﬁ’") the average minimal value among all possible choices of n words of length m. By
taking the limit a,, := lim,,— a,(l'") we obtain the average minimal value among all
choices of n words of W,,. We are interested in the study of the asymptotic behaviour
of a,, forn — oo.

The first step is to establish the recursion

n o0
n . . _ . . 1
a,gm) = E (k) 2 (wHk@thyn k(l —q’ + pq’ -a,&m )).
=1 =0

This is obtained from the relations in (2.2) based on the following idea. Let j be the
minimum among the first letters of the n words, i.e., there is an integer k, | <k <n
such that k words start with j, and the other n —k words start with a letter greater than j.

@ Springer



Generalised multinomial measure 337

By taking the limit for m — oo in the above recursion we obtain
" n ad . . .
an =3 ()t - 4 e ),
Jj=0

k=1

This yields

and thus

We obtain

Thus we have proven the following result.

Proposition 1 The average minimum value among n words of infinite length over Ny
with respect to the generalised multinomial measure |1, 4 satisfies the recursion

n n

=1 quun 1 —pqv” 1; (Z))»kv”_kak, for all integersn > 1. (3.1)

an

We set ap = 0, which is convenient for computational reasons. One can rewrite Eq.
(3.1) as

n—1

pv" p Z Y.k n—k
n 1 — pAt —gv" + 1 — pAt —gv" = (k) ak (3-2)

in order to compute the elements a,, inductively, forn = 1,2, ....

3.2 The asymptotics of the average minimum a,,

In order to study the asymptotic behaviour of the average minimum we introduce the
exponential generating function

A(z) = Za"i_r:'

n>0
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338 L. L. Cristea, H. Prodinger

Therefore, we first rewrite Eq. (3.1) as
= (n
ap(1 —qv™") = pv"* + pz (k)kkv"_kak.
k=1
Then multiplication by 7 and summing up over all integers n > 1 yields

n
())\‘k n— k Z_"
n=1 k=1 n

A(z) —qA(vz) =

and thus
A(z) —qA(vz) = p(e”* — 1) + pe"*A(r2). 3.3)

We multiply the last equation by e™* and obtain that the Poisson transformed function
A(z) = e *A(z) satisfies the equation

A(z) — pA(rz) = ge T A(vz) + ple” ™7 — 79, (3.4)
or, equivalently,

A() - pAG2) = Ri(2), (3.5)
where R (z) = ge *A(vz) + ple ™ —e™?) = qe‘“g(vz) + ple™* —e77). As we
are looking for the asymptotics of the average minimum aj,, we are going to study the
behaviour of A(z) as z — o0. This is based on the fact that a, ~ A(n), which can be
justified by using the technique of depoissonisation (for details about depoissonisation
we refer to Jacquet and Szpankowski [4] and Szpankowski [6]). The idea is to extract

the coefficients a, from A(z) using Cauchy’s integral formula and the saddle point
method. Let A* denote the Mellin transformed function A, i.e.,

o
A*(s) = M[A(2); s] = / AQR) -z
0
Then by applying the Mellin transform in Eq. (3.4) we obtain
A*(s) — pAT AT (s) = Ri(s),

where R} (s) is the Mellin transformed function R; (for details regarding the Mellin
transform we refer to Flajolet et al. [3]). We obtain

Ri(s)

A%(s) = — 1
0 =15
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Generalised multinomial measure 339

Now the function A (z) can be obtained by applying the Mellin inversion formula,
namely

Az) = — A*(s) -z %ds = — Y sds, (3.6)

/c+ioo 1 c+ioco RT(S)
c—ioco 271 Jemioo 1 —pA™*

where 0 < ¢ < llgii We shift the integral to the right and take the residues (with

a negative sign) into account in order to estimate A () in (3.6). The function under
the in'tegrgl has simple poles at s = llgii + l;‘g” 5, k € Z. For these the residues with
negative sign are

1 *(logP 2kﬂi)z_ﬁ%_12fgﬂ)i’
log% logh = logA

with R} (s) = fooo (qe_)‘zg(vz) + ple™ — ™))" ldz.
For k = 0 the residue with negative sign is,

logp

o
/ (qe—)\ZA(VZ) + p(e—)»z —_e ¢ )) Togh — dZ
0

log %

This term plays an important role in the asymptotic behaviour of the average minimum
an, as the contributions from the other poles only constitute small fluctuations. By
collecting all these residues into a periodic function, one gets the series

1 —log; P—M * —AZ A —AzZ -z log;, P+M—1
; Zz log2 (qe "A(vz) + ple ™ —e ')) z logh " dz.
lOg * keZ 0

Putting everything together, we have obtained the following result.
Theorem 1 The average ay, of the minimum value among n random words of infinite

length over No with respect to the generalised multinomial measure |1, 4 admits the
asymptotic estimate

ay = d(—log, n)n*l"gu’(l n (9(%)), 3.7)

for n — oo, where ®(x) is a periodic function having period 1 and known Fourier
coefficients. The mean (zeroth Fourier coefficient) of ® is given by the expression

1
log %

/ (qe_kZA\(vz) + ple ™ — e_z)) 11"“ dz. (3.8)
0
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340 L. L. Cristea, H. Prodinger

Remark One can compute the integral in the zeroth Fourier coefficient numerically by
taking for A(z) the first few terms of its Taylor expansion, which can be found from
the recurrence (3.2) for the numbers a,. In order to do this we rewrite (3.8) as

orr (TG + S (- 1)

Remark For the special case When A = p (and thus u, 4 is the uniform distribution on
the unit interval) we obtain a,, = +1 ,forn > 1. Thiscan be shown by induction. From

(3.2) one immediately gets a; = 2. Assuming that ax = k+1 Jfork=1,2,. -1,
the induction step is then, by the recursion in (3.2) equivalent to showing that

n—1

n=0

ie.,

n—1
1
n+1 n+l __ n k _n—k
1= p"™* =g =+ 1pg +(n+1)p2()pq T

n=1
which is immediately checked using the binomial formula for (p + ¢)"*! =1

and Zﬂ ;) = (Zﬂ) Moreover, in this particular case the constant in (3.8) is

q 1 q log p
-1+ D] " | = 1(1— —1):1.

logF n20n+ 1 log;

4 Order statistics of the generalised multinomial measure: the maximum
4.1 The problem setting

As in the previous case, we pick at random (with respect to the probability measure on
W defined above), independently, n words from W,,,, forn > 1. We apply the function
value defined above to each of the chosen words and look for the maximum among
these n values. The same can be done with all random choices of n words of Wxe.
Let us denote in this section by b,sm) the average minimal value among all possible
choices of n words of length m. By taking the limit b, := lim,,— b,(,m) we obtain
the average maximal value among all choices of n words of W.
First, we establish the recursion

b = Z( )Z(“’) (1 =)' *(1 =g/ + pq’ - b{" "), forn > 1.

k=1
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Generalised multinomial measure 341

This is obtained from the relations in (2.2) based on the following idea. Let j be the

maximum among the first letters of the n words, i.e., there is an integer k, 1 <k <n,

such that £ words start with j, and the other n — k words start with a letter less than j.
For m — o0 in the above recursion we obtain

by=> (’;) D owhH = vy K1 = g7 + pg/bi). forn = 1. 4.1

k=1 j=0
4.2 The asymptotics of the average maximum b,,
As in the case of the average minimum, we are interested in the study of the asymptotic
behaviour of b,,, for n — oo.
Since b, is expected to be close to 1, we set ¢, = 1 — b, for n > 1 and look for

a recursion for c,,. Then, we study the asymptotic behavior of ¢,. The recursion (4.1)
can be rewritten as

l—cyp = ]; (Z) D wH A = v (1= g7 + pg/ (1 = ). forn > 1. (4.2)

j=0

We have

Z(Z) > wH (1 = vy R~ g7 + pgd)

k=1 >0

-y (") R e A
j>0 k=1 k

= (@ +av vy =1 - vf')")(l —gith
j=0

=> (@@= vy )a - g
Jj=0

_ ((1 — ity g vj)n) _ Z ((1 — ity g vj)n)qj+l
Jj=0 j>0

= 1= (= vy — = vi))git,

j=0

and thus we have proven the following result.

Proposition 2 If b, is the average maximul value among n words of infinite length
over No with respect to the generalised multinomial measure (1, 4 and c, = 1 — by,
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342 L. L. Cristea, H. Prodinger

forn > 1, then c, satisfies the recursion

e = (= = (1= vy

j=0

+ ; (Z) > whH = vy K pgicy, forn > 1. 4.3)

Jj=0

In order to find an explicit formula that allows us to compute the values ¢, we set
co := 0 and rewrite the above equation

c,,(l — Z(kvj)"qu) =Z ((1 —p/Hhyn (l—vj)n)qﬁ1

j=0 Jj=0

n—1
+> (Z) 2 D A=) pgl e 4.4)
k=0

Jj=0

and thus obtain

I —qv j+1 j j+1
&n = m(,z (a=v/ = a—vir)g]

>0
n—1 n
+>] (k) > awhka - vf)"kquck), (4.5)
k=0 j=0
which enables us to compute the value of ¢, forn = 1, 2, ..., inductively. For the

exponential generating function C(z) := 2, . ¢n fl—n, we obtain from (4.3)

co =3 53 (v (v

n>1""j>0
7" i n K . X .
FX D)) Zewita - agla
n>1"" k=0 j=0
n n
=33 (G- )
Sonsi n! n!
Zn n n
222 (k) A)E 1 = vy pgiey
j=0n>1 n: k=0
-3 (ea—vf“)z _ e(l—Uj)Z)qj-H
jz0
0 . .
(kv])kzk (1 _ vj)nsznfk )
2.2 s p’
>0 n>1 k=0 k! (n —k)!
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Generalised multinomial measure 343

ie.,

C@ = (1™ = 07D 1 13 pgle1 ™ 00TD). (46)

Jj=0 j=0

Then for the Poisson transformed C (z) = e *C(z) we have

C@=> (eI £ pgle2c i), (4.7)

Jj=0 j=0

Now we proceed as in Sect. 3 to apply the depoissonisation. Let C*(s) =
MI[C(z); s] be the Mellin transformed function of C, with the notations in [3]. We
apply the Mellin transform to Eq. (4.7) to obtain

C*(s) =T'(s) qu'H (U_S(j+l) — v_sj) + qu-/M[e_”jZC(Av-/z); s]. (4.8)

j=0 j=0

Since [y 2571z ?dz = v/ "I (n + 5), we obtain

> pal Mle "o s =D x

n

pq/ v (’H—V)F(n +5)

>0 j>0n>0
ch—f‘(n—i—s)
l—qv Vn>0
and thus,

ps 1 R (s)
SR E YR (R —— ) = 2O

(5 =ql'(s) I—qv=* 1—gv— +1—qv—5 r%cn (ns) = I —qv—s
4.9)

where Ry(s) = gL ()(v™" = 1) + p >, _gcali D(n +5).
Now the function C(z) can be obtained by applying the Mellin inversion formula,
namely

R 1 c+100 1 c+100 Rz(s)
Cx) = —/ C*(s) -z %ds = — ——— .z %s, (4.10)
271 Je—ioo 271 Je—ioo 1 —qv™*

where 0 < ¢ < %. We shift the integral to the right and take the residues with

negative sign into account in order to estimate C (z) in (4.10). The function under the
integr'al hz}s simple poles at sy = igg‘q) + 1:; ~» k € Z. For these the residues with
negative sign are

logv — logv |

1 lo 2kmwiy\ _logg _ 2kxi
(22

log % 2 logv  logv
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344 L. L. Cristea, H. Prodinger

For k = 0 the residue with negative sign is,

_logg

z losv log g logg log g
e )
1 (q (log )(v )+pZCn ! + logv

log S =0
pzf% logg AT logg
= 1 (F( )+ch—F(n+ ))
log 5 logv e logv

This term plays an important role in the asymptotic behaviour of ¢, as the contributions
from the other poles only constitute small fluctuations. We collect all these residues
into a periodic function and obtain

log q 2kmi logg _ ki
Z ( )Z Togv ~ logv .
logv log v

Putting everything together, we thus get the following result.

log 1

Theorem 2 The average b, of the maximum value among n random words of infinite
length over No with respect to the generalised multinomial measure (L 4 admits the
asymptotic estimate

by =1 — ®(—log, m)n~ 184 (1 + c’)(l)), 4.11)
n

for n — oo, where ®(x) is a periodic function having period 1 and known Fourier
coefficients. The mean (zeroth Fourier coefficient) of ® is given by the expression

(G R ) N

Remark For A = p we expect to get ¢, = L which indeed can be proven by

+
induction. Then the constant in (4.12) is

p 1 n) p log g
logql( Zn—l—lp 1ogql( p )

n>0

as it should. The proof by induction can be done as follows One easily obtains ¢; = 2

from the recursion (4.4). Assuming now that ¢ = for all k > 1 we have to show

- k+l
that
— (1= 2 pahypal) =3 (=g = (1=g)")g*!
" j=0 jz0
n—1 n . 1
+>° (k) 2 (g =g pg .
k=1 >0 +
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Generalised multinomial measure 345

or, equivalently,

1= e =+ DY (1= —(1=g/)")q’*!

j=0 Jj=0
n—1 n+1
Iy (] — gk
+>° (k+1) Z(pq (1 — gy
k=1 j=0

With the binomial formula, this yields

1— Z(qu)n-i-l —m+1) Z ((1 gty = qj)n)qj—i-l

Jj=0 j=0
+> ((qu + 1= gy = (= gDy = 3 (pgly !
j=0 Jj=0
—(n+1) > pg! (1 =gy,
Jj=0

which can be rewritten as

L=+ (=gt =1 —g/)")g/!

j=0

J
: _ J+In+1 _ Lyt J1 — L0\
+11er;020(<1 gy — (- g7y D3 pgl( =g
J= JZ

and, since the first term in the last sum is zero, it becomes

L=+ DY (=g =1 =g/)")g’"!

Jj=0
J . . . .
+Jhm Z ((1 _ q]+l)n+l _ (1 _ qj)l’lJr]) _ (n + 1)qu]+l(l _q]+l)n.
—00
j=0 j=0

We thus obtain

L=+ (A =g = (1= g/)" = p( = g7*1)")g !
Jj=0

+ l]m (1 _qJ-H)n-H’
J—oo
which is equivalent to

0="" (a1 =gy = (1 = ¢/)")g/*!

j=0
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346 L. L. Cristea, H. Prodinger

and
0= Z(l _ qj+l)nqj+2 _ Z(l _ q/)nqj-‘rl
j=0 j=1
which obviously holds.
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