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ABSTRACT. Phylogenetic trees are binary nonplanar trees with labelled
leaves, and plane oriented recursive trees are planar trees with an in-
creasing labelling. Both families are enumerated by double factorials.
A bijection is constructed, using the respective representations as 2-
partitions and trapezoidal words.

1. INTRODUCTION

There are many occurrences of the double factorials

(2n− 1)!!= 1 · 3 · · · (2n− 1)

in the combinatorial literature. A nice survey is by Callan [2].
Two manifestations of them deal with trees, and it is our objective to

establish a bijection between them.
The phylogenetic trees are binary nonplanar trees with the leaves la-

belled by the numbers 1, 2, . . . , n+1. Their number is given by (2n−1)!!.
Stanley describes (codes) them by set partitions of {1, 2, . . . , 2n} into n
sets of 2 elements each. These are easily enumerated by the double fac-
torials: Just note that they are counted by (2n)!

2nn! , where we start with all
permutations of 2n elements, but divide by n!, since the order of the
blocks does not count, and by 2n, since in each block the order of the 2
elements is immaterial. We call these set partitions 2-partitions. Stan-
ley’s coding will be reviewed in a later section.

Plane oriented recursive trees (PORTs) [3], also known as heap or-
dered trees, are planar trees, where the nodes are labelled by the inte-
gers 1, . . . , n+ 1, and the labels are increasing towards the leaves. They
are also enumerated by (2n−1)!!. They are also coded by simple objects
called trapezoidal words, which is reviewed in the next section.

Our bijection will in fact be between the two codings, i.e., between
2-partitions and trapezoidal words.

2. TRAPEZOIDAL WORDS AND PLANE ORIENTED RECURSIVE TREES

One of the easiest manifestations of double factorial is by words
x1 x2 . . . xn, where 1≤ x i ≤ 2i−1; they were called trapezoidal words by
Riordan [4]; see also [2].
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Plane oriented recursive trees (PORTs) are rooted planar trees, where
the n nodes are labelled by the numbers 1, . . . , n in an increasing way
from the root to the leaves.

If one has already such a PORT with n nodes, there are 2n−1 positions
where a new node labelled n+ 1 can be attached, whence the enumer-
ation by double factorials: The number of PORTs with n + 1 nodes is
given by (2n − 1)!!, and the trees are in obvious bijection with trape-
zoidal words of length n, simply by recording the position where one
node after the other was inserted. PORTs were also called heap ordered
trees, but we adopted the notation from [3].
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FIGURE 1. A PORT with 5 nodes and the 9 positions where
node labelled 6 could be inserted.

3. 2-PARTIONS AND PHYLOGENETIC TREES

Phylogenetic trees are nonplanar binary trees, with the leaves labelled
by the numbers 1, . . . , n+1 in an arbitrary way. Stanley [5] describes the
procedure in Figure 2 to label the remaining nodes as well (except for
the root): The numbers n + 2, . . . , 2n are used as labels in this order
as follows: among the pairs of children that are both labelled, but the
parent isn’t, find the smallest label of a child; it is the parent who gets
the current label. The procedure can be seen from Figure 2. At the end,
the labels of each pair of 2 children form a subset of 2 elements, leading
to n such pairs and thus to a 2-partition. See also [1] for more results
and references about phylogenetic trees.

Although Stanley leaves it to the reader to figure out why this works,
we sketch a possible answer by showing how a phylogenetic tree can be
reconstructed from a 2-partition:

We use the consecutive labels n + 1, . . . , 2n to work as a parent. For
that, we look at the block, such that both entries are smaller than the cur-
rent new label, and among them at the one in which the smallest number
occurs. After that, the pair is discarded, and the process continues until
all pairs have been processed. The final root may be thought of having
the label∞.
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FIGURE 2. Left: A nonplanar binary tree with leaves
labelles by 1, . . . , 7. Right: the remaining nodes
(except for the root) are now labelled by 8, . . . , 12.
The two children of each node form the 2-partition:
{1, 4}, {2, 9}, {5, 7}, {6, 8}, {3, 10}, {11,12}

Thus, in the running example, the number 8 is the current new parent,
and {1,4}, {5,7} are such that both members are smaller than 8. The
block {1,4} is chosen. Then we move to number 9. Candidates are
{5,7}, {6,8}; the block containing the number 5 is used, then discarded,
and so on.

4. THE BIJECTION BETWEEN 2-PARTITIONS AND TRAPEZOIDAL WORDS

Our strategy of proof is to grow a 2-partition of 2n−2 elements to one
of 2n elements (hereby establishing once again the (2n− 1)!! formula),
and describing how the corresponding trapezoidal word of length n− 1
grows to one of length n. The correspondence is bijective at each step.
Our argument is essentially by induction. It should be noted that the way
a 2-partition (and a trazoidal word) grows towards a final partition/word
is unique.

Two new elements 2n− 1, 2n can form a class of their own, and this
can happen in (2n− 3)!! ways. Otherwise, 2n matches with an element
1 ≤ b ≤ 2n − 2 (in 2n − 2 ways), and 2n − 1 matches with the former
partner a of b. So, the set {a, b} is replaced by the sets {a, 2n−1}, {b, 2n}.
Such an operation is often called a rotation. Thus, we get altogether
(1+ (2n− 2)) · (2n− 3)!!= (2n− 1)!! 2-partitions, as to be expected.

Then we augment the corresponding trapezoidal word x1 . . . xn−1, by
xn, defined a follows: if the second case happened and 2n matches with
an element 1≤ b ≤ 2n− 2, then we set xn := b, otherwise, if 2n− 1,2n
form a class of their own we set xn := 2n− 1. It is easy to see that this
operation is reversible.

As an example, let us see how the trapezoidal word 1, 2,5, 5,2, 4 lets
the 2-partition grow. The first 1 translates into the starting partition



4 H. PRODINGER

{1,2}.

{1,2}
2
−→ {1, 3}{2, 4}

5
−→ {1,3}{2,4}{5, 6}

5
−→ {1, 3}{2,4}{6, 7}{5,8}

2
−→ {1, 3}{2, 10}{4,9}{6, 7}{5,8}

4
−→ {1, 3}{2, 10}{4, 12}{9,11}{6, 7}{5,8}

And here is how the PORT develops:
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