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Aperiodic order and quasicrystals

Examples: Algo sCussFes 5, Al;gPdooMng, AlzgPdosReg.




The Ammann—Benker “octogonal” tiling
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Spectral triples for Cantor sets

The triadic Cantor set (Connes '94)
Metric Cantor sets (Christensen — lvan '03)
Ultrametric Cantor sets (Pearson — Bellissard '08)

Self-similar cases and applications (Julien — Savinien '09 arXiv:
0908.1095 [math.OA])



Cantor set and Bratteli diagrams

Ultrametric Cantor set (C, p) < set of infinite paths in a
B. (Michon '80)

Metric < w:ll— Ry
w(v) = diamy], diameter of cylinder

Self-similarity < stationary diagram.



Cantor set and Bratteli diagrams

Ultrametric Cantor set (C, p) < set of infinite paths in a
B. (Michon '80)

Metric < w:ll— Ry
w(v) = diamy], diameter of cylinder

Self-similarity < stationary diagram.

Choice function 7: 1 — 9B x 9B
~ +— apair(r_~, 74v) of infinite paths with largest common prefix

p(T—7, 7+7) = diam{y].



Stationary diagrams and transversals
Tiling T of RY : covering by (marked)
Tiling space: closure of T 4+ RY.

: subset of tilings with a marker at the origin, is a
ultrametric Cantor set (combinatorial metric pc).



Stationary diagrams and transversals

Tiling T of RY : covering by (marked)
Tiling space: closure of T 4+ RY.

: subset of tilings with a marker at the origin, is a
ultrametric Cantor set (combinatorial metric pc).

Substitution tiling, Abelianization matrix, and Bratteli diagram.

b— a 10
b b b

Example: The Fibonacci tiling, { a— ab : [ 11 ]




The Ammann “chair” tiling




A Penrose tiling




The spectral triple of Pearson—Bellissard

Weighted Bratteli (B, w).
Algebra A = Cjip(9B),  Hilbert space H = I?(1) ® C?

. 1 0 1
Dirac operator D = %W [ 10 ]

Representation 7, (f) = @ [ f(r_y) O }

~en 0 f(m47)



The spectral triple of Pearson—Bellissard

Weighted Bratteli (B, w).

Algebra A = Cjip(9B),  Hilbert space H = I?(1) ® C?

. 1 0 1
Dirac operator D = %W [ 10 ]

Representation 7, (f) = @ [ f(Tgy) f( ° ) }
yen hatl

o f(ryy) —f(—y) [0 -1
O-f Z[Dv“(f)]:% "~ diam] {1 0}

Connes’ formula
pw(X,y) =sup{[f(x) —f(y)| : f € A, sup, [[[D,n-(f)]l| <1}



Weights and invariant measure

Substitution tiling of RY, transversal (=, pc).
o

Choice of weights w(y) ~ A~"/9,
~ path of length n,
A Perron—Froebenius eigenvalue of the Abelianization matrix.



Weights and invariant measure

Substitution tiling of RY, transversal (=, pc).
Choice of weights w(y) ~ A~"/9,

~ path of length n,
A Perron—Froebenius eigenvalue of the Abelianization matrix.

Proposition There is a bi-Lipschitz homeomorphism
¥ (0B, pw) = (5, pe)-

Theorem ¢*(upix) = p=°. (the measure of “frequencies”)



The (-function and tilings complexity
¢(s) = 3Tr(ID|™%) = X2, cn diamy]°.
Abscissa of convergence sg.

of a tiling
p(n) = #{patches of diametexn},
exponent of complexity: v = limp(n)/log(n), .

Theorem sg=v =d.



The Laplace—Beltrami operators

Dirichlet form on L?(9B, d uipix)
Qs(f,g) = 3 [ Tr (ID|=3[D, m()]*[D, 7 (9)])dv(7) = (f, AsQ)



The Laplace—Beltrami operators

Dirichlet form on L?(9B, d uipix)

Qs(f, @) = 3 [ Tr (ID|°[D, 7-()]*[D, -(9)])dw(r) = (f, As@)
Theorem (Pearson — Bellissard '08) Ag is non-positive, definite,
self-adjoint, has pure point spectrum.



The Laplace—Beltrami operators

Dirichlet form on L?(9B, d uipix)

Qs(f, @) = 3 [ Tr (ID|°[D, 7-()]*[D, -(9)])dw(r) = (f, As@)
Theorem (Pearson — Bellissard '08) Ag is non-positive, definite,
self-adjoint, has pure point spectrum.

Theorem Spectrum of Ag: E, = <m>€h-al - mxlv~b]>




Cuntz—Krieger algebras and applications

Let A be the adjacency matrix of the edges in B, and O, its
associated Cuntz—Krieger algebra.

Proposition Given a path v = (¢,e1,e2,- - - ep), the
eigenelements of Ag satisfy

oy = Uy(pe), Ay =Uy(Xe),
where U, = Ug,Ue, - - - Ue,, U, = Ug, 0 Ug, 0 - - - Ug,, and the Ue

and u, form a faithful x-representation of O on L2(8B, d ppix)
and I2(SpAs) respectively.



Cuntz—Krieger algebras and applications

Let A be the adjacency matrix of the edges in B, and O, its
associated Cuntz—Krieger algebra.

Proposition Given a path v = (¢,e1,e2,- - - ep), the
eigenelements of Ag satisfy

oy = Uy(pe), Ay =Uy(Xe),

where U, = Ug,Ue, - - - Ue,, U, = Ug, 0 Ug, 0 - - - Ug,, and the Ue
and u, form a faithful x-representation of O on L2(8B, d ppix)
and I2(SpAs) respectively.

Theorem Weyl asymptotics Ns(A\) ~y—yoo A/(@=5+2)

Theorem Seeley equivalent Tr(e'"%=¢) ~, o t=9/2



