HEIGHT LOWER BOUNDS FOR ELEMENTS OF HIGHLY COMPOSITE RINGS
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ABSTRACT. Let Q@ be the composite field of all number fields of degree at most d. In 2001 Bombieri and Zannier
proved that Q@ has the Northcott property and asked what happens for d > 3. Here we study the absolute Weil
height for elements in the composite ring of the rings of integers of such number fields. In particular, we consider Q®®
as the composite field of Q? and a minimal infinite family of cubic fields, and we show that the composite ring of the
rings of integers of these fields does have the Northcott property. Our results follow from new height lower bounds,
expressed in terms of the degree. Moreover, we introduce a notion of size for subfields of Q. For instance, Q® has
size 1 and the maximal abelian subfield of Q® has size 1/2. We show that there is a subfield of Q® of size 1 which
has the Northcott property.

1. INTRODUCTION

Let K be a number field. For each place v of K we choose the unique representative |-|, that either extends
the usual archimedean absolute value or one of the usual p-adic absolute values on Q. We write K, for the
completion of K at v and we write d, = [Ky : Qy] for the local degree at v. For « € K we define the absolute
multiplicative Weil height by

(1.1) H(w) = [T max {1, |a],} i ,

where the product runs over all places v of K. Taking the [K : Q]-th root in the above definition makes the
height independent of the particular choice of the field K containing « (see [4, Lemma 1.5.2]). Hence the height
defines a genuine function on the algebraic numbers Q. We write h(x) = log H(a) for the logarithmic Weil
height of . For more details on the Weil height we refer the reader to [4, Section 1.5].

We are interested in bounding the height of elements of a specific subset R C Q from below in terms of their
degrees. The question is of particular interest when R is a subring or subfield of Q. By Kronecker’s theorem
h(x) = 0 if and only if « is a root of unity or zero. We are excluding these cases throughout our discussion.
Lehmer’s conjecture from 1933 asserts that

o
2 "= o
for some absolute constant cg > 0. If Q(x)/Q is Galois, then holds by a result of Amoroso and David [1].
The latter was improved by Amoroso and Masser [3] to

Ce
13) ") 2 oW - ar

for any € > 0. Assuming Q(«)/Q is abelian, one even has an absolute lower bound

log 5
14 > 2
(14) hw) = =2
by an older result of Amoroso and Dvornicich [2]. Let Q@ be the composite field of all number fields of
degree at most d. Bombieri and Zannier [5] showed that there exists a nondecreasing unbounded function
F:Z>1 — R>g, (depending on d) such that

(1.5) h(w) = F([Q(x) - Q)

whenever Q(«)/Q is abelian and contained in Q@.

We say a set S C Q has property if there exists a nondecreasing unbounded function F : Z>; — R>,
such that holds for all « € S*, where S* is the subset of S deprived by 0 and all roots of unity. Property
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is essentially a reformulation of the following important finiteness property, formally introduced by Bombieri
and Zannier [5] in 2001.
Definition 1 (Bombieri, Zannier [5]). A set S C Q has the Northcott property if #{a € S : h(x) < X} < oo for
every X > 0. For brevity, we say that S has (N) to express that S has the Northcott property.

The Northcott property has many applications (diophantine and beyond) and has been studied intensively

over the last 25 years, see, e.g., [21]] for a survey. But its origin goes back to 1950 when Northcott (see [14] and
also [4] Theorem 1.6.8]) showed that sets of uniformly bounded degree have (N).

Thanks to Northcott’s Theorem the precise relation between property (L.5) and (N) is now clear. A set S has
(N) if and only if it has only finitely many roots of unity and has property (1.5). A set which contains infinitely
many roots of unity and is closed under addition contains an infinite sequence (without roots of unity) with

uniformly bounded heightﬂ hence cannot have property . Consequently, for sets that are closed under
addition properties (N) and are equivalent.

Since the maximal abelian subfield ng) of Q¥ coincides with Q@ when d = 2 we know that Q® has (N).
Bombieri and Zannier asked the following question.

Question 1 (Bombieri, Zannier, [5]). Does a bound as in hold for Q9 when d > 3?

In other words, does Q¥ have (N)? The case d = 3 is already widely open and presents a major challenge.
In this article we will focus on d = 3, albeit some of our results are more general.

We think of Q® as the compositum of Ly = Q@ and an infinite sequence of cubic fields Ky, Ky, K3, .... We
can assume that the compositum L, = L, 1K, is a proper extension of L,_; for every n. We are unable to
prove that the elements of

Q¥ =Lo[[K,
n

satisfy the required height lower bound but we show that such a height lower bound exists for the composite
ring of integers of these fields, i.e., for

(1.6) Or, [ [ Ok,

n=1
The above claim follows from Corollary 1| (see paragraph after Corollary [1).
The following notation and definitions are assumed throughout this article.

Definition 2.
(a) Fora field K C Q, let O be its ring of integers. For a family S; (i € T C IN) of subrings of Q, we write
[Is:
i€l
for the composite ring, i.e., the smallest subring of Q containing S; for each i € I.

(b) Lg denotes a subfield of Q, and (K;); is a sequence of number fields of respective degrees d; = [K; : Q] > 1. We
write

n n
(1.7) Ly=Lo[ [Ki, Ru=0.,]]0k,
i=1 i=1
for the composite rings. Note that the former is a ﬁeldﬂ We denote the composite ring of all R, by
R =[JRy.
n
(c) We say the family Ly, K1, Ky, K3, . . . is linearly disjoint over Q if every finite subfamily is linearly disjoint over

Q.

Remark 1. The linear disjointness of Lo, K1, Ky, K3, . . . over Q is equivalent to [Ly, : L,_1] = [K,, : Q] for every n € N
(see [[10] discussion before Lemma 2.5.6).

It is slightly more convenient to prove and express the results in terms of the multiplicative height H(-)
defined in (1.1).

Theorem 1. Suppose the family Ly, K1, Ko, K3, . . . is linearly disjoint over Q, and all degrees d; are prime and bounded
from above by some d € IN. Then there exists c; > 0, depending only on d, such that for every & € R

(1.8) H(@w) > ¢4 (loglLo(@) : Lo])# .

I This follows from the general inequality h(a + B) < h(a) + h(B) +1log2.
2This follows from the fact that if K C Qs a field and Bi,--..Bn € Q then K[B1,...,Bul = K(B1,- .., Bn)-
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Apart from the choice of Ly and d the height lower bound is completely independent of the particular
choice of the ring R. For each Ly and d > 1 let us define R, (d) to be the union of all rings R as in Definition
(b) that are satisfying the hypothesis of Theorem [I| Hence, the height bound remains valid for every
element & € Ry (d). Unfortunately, R,(d) need not be a ring in general.

If the Galois closures of the fields Ly, K1, K2, K3, . . . are also linearly disjoint over Q then the condition that the
degrees d; be prime in Theorem|I|can be replaced by the weaker constraint L;/L;_1 has no proper intermediate
field. We will explain this more thoroughly in Section 4
In thirit of Lehmer one can ask what is the correct dependence on the degree [Lo(«,) : Lo] of the lower

1.8)

bound (

prime. Taking a,, = Y 7' ; pil/ 4 ¢ R, and estimating its height by the maximal modulus of the conjugates gives

? Here is a simple upper bound for Ly = Q and K; = Q(p}/ d), where d is a prime and p; is the i-th

H(ay) < n(nlog n)l/d < plo1+1/d (assuming 7 is big enough). As the degree of «,, is given by d" we conclude
(19) Hi(a) < (loglLo(ay) : Lo)" /7.

So here the correct exponent lies between 1/d% and 1.01 + 1/d. Using that for most conjugates of a,, there is
much cancellation one can easily reduce the exponent 1.01 +1/d in (1.9). And it is also clear from the proof of
Theorem [1| that the exponent 1/d° is far from sharp and can easily be improved. However, finding the sharp
exponent of the lower bound in seems a rather challenging problem, even when Ly = Q and d = 2.

Theorem I]is an immediate consequence of the following result. Recall that we are assuming d; > 1 for all
i € N throughout.

Theorem 2. Suppose the family Lo, K1, Ky, K3, ... is linearly disjoint over Q and that there exists d > 1 so that
di=[K;: Q] <dforalli € N.Ifa € Rand L,,_1(x) = Ly, then

1
(1.10) H(x) > c4|A,, | 2m@n=D
for some c; > 0 depending only on d.
Before we proceed, let us deduce Theorem from Theorem

Proof of Theorem [T|assuming Theorem[2} First we reorder the fields K; such that the discriminants |Ag,| are in-
creasing. Clearly, this does not affect the linear disjointness of the family Ly, K1, K», K3, ... but we get a new
sequence of fields (L;);. Suppose & € Ly, \ Ly,—1. The linear disjointness gives [Ly, : Ly,—1] = [Ky : Q] = djp.
Since d;, is assumed to be prime, we conclude that L,,_1(«) = L;,. Further, [Lo(«) : Lo] < [Ly; : Lo] < d™. Using
the very crude bound that among m number fields of degree < d there must be at least one with discriminant
>, m?/% we conclude

w"—‘

2
H(a) >>q m2an@n=03 >4 (log[Lo(&) : Lol)#,

as required. U
To compare (1.10) with bounds from the literature let us assume the ground field Ly is a number field.

Mahler’s classical bound applies to any algebraic integer . Let D be its degree and f, /g its minimal polyno-
mial over Q, then

H(a) 2 D71/D|diSC(fa/Q)|2D“5*”-

Dixit and Kala [8] Section 3.1] have generalized Mahler’s inequality from Q to arbitrary ground fields. To
relate their bound with (1.10) let us briefly sketch the idea behind the proof of Theorem 2| Let «# € R and
Ly—1(a) = Ly. For simplicity let us additionally assume « € Ry,. First we express the discriminant of f, ;|

in terms of the discriminant of K;,. Choosing an integral generator 6,, of K;;, one can showﬂ

, B? B?
(1.11) disc(fo/L,, ) = Bz16u] g @n=n) = Bkn dpd—1=2
Imm m Imm m

where I, is the index [Ok,, : Z[0;]] and B is some non-zero algebraic integer over which we have little control.
Now Dixit and Kala’s relative Mahler measure inequality [8), (6)] gives

1 1
(112) H(x) > dp™ [N, jq(disc(fyp,, )| -1 Qm@D,

m—1

For our bound (1.10) the contribution of B? to the height has been ignored. Doing the same here and combining

(1.11) and (1.12) gives

1
1 A 2dpm (dm —1)
dm K
H(“) 2 dm (Idm(dm_l)_2> ’
m

3Apply Lemmaand use that Ry, C (1/Ly)Ry—1[0m]-



4 S. H. MAN, N. TECHNAU, M. WIDMER, AND P. YATSYNA
One can bound the index I, from above in terms of the discriminant Ag, , e.g., [17] yields I, < 2t A%Z’ —2)/4
(assuming K;, has no proper subfields). But for d,, > 3 this results in a trivial lower bound.

To prove Theorem 2|a more refined analysis via local heights is needed. For each rational prime p all contri-
butions to the height above p are carefully estimated. Instead of choosing one fixed 6,, for every K,, we need
to pick a suitable generator 6, = 6,,(p) for every prime p. Classical results on common inessential discriminant
divisors, e.g., a theorem due to von Zyliiski (see Theorem , permit us to choose 6,,(p) with the required
properties, at least when p is sufficiently large in terms of d,,. Additional difficulties arise from the fact that we
cannot assume R;; = RN L;; which means we need to control the degrees d; for i > m. The latter explains why
we want the degrees d; to be uniformly bounded.

Theorem [2]is also related to Silverman’s bound [16, Theorem 2]
=

1
(1.13) H(w) > dy™ (N, 10(Br, /1

The bound applies for every a € Ly, with L,,_1(«) = L. If Ag,, and Ay | are coprime then Silverman’s
(1.13) recovers our butif Ly, /L,,_1 is unramified then gives nothing at all. To establish height lower
bounds for elements in an infinite field tower L = |J,, L, the inequality is therefore only useful when the
field tower is sufficiently ramified at each step. Theorem [2]allows us to get rid of this ramification condition at
the expense of replacing the field L by the ring R.

m—1

A slight generalization of Northcott’s Theorem shows that sets of uniformly bounded degree over any field
with Northcott property also have Northcott property (see [9, Theorem 2.1]). Using this fact in conjunction
with Hermite’s Theorem we immediately deduce the following corollary from Theorem

Corollary 1. Suppose Lo has the Northcott property, the family Ly, K1, Kz, K3, . .. is linearly disjoint over Q, and the
degrees d; are uniformly bounded from above. Moreover, suppose there is no proper intermediate field between L, _1 and
Ly, for every n € IN. Then R also has the Northcott property.

If the fields K; are all cubic and Q@ C Lg then it sufﬁcesﬂ to assume L, # L,_; for all but finitely many
n € N in place of the “linear disjointness”- condition. This proves the claim just before Definition [2, namely,
that has the Northcott property.

It is worthwhile to mention that the mere existence of a subring of OQ(3) with (N) whose field of fractions is

equal to Q® is easy to prove. The difficulty in the proof of the above result comes from the fact that each of
the components in is a maximal order.

In fact, every ring contains a subring with (N) and with the same field of fractions. The proof of this state-
ment is merely an exercise but we have not found the result in the literature and we believe it merits publica-
tion.

Proposition 1. Let S be a subring of Q. Then there exists a subring T of S such that T has (N) and the field of fractions
of S and of T are identical.

We are not aware of any examples of fields K such that O has (N) but K does not (but see [11, Exemple 4.6]
for a field without (N) whose ring of integers has (N) w.r.t. to a larger “height”, called houseﬁ).

Let us very briefly touch on two different applications of Corollary [I] and Proposition 1| for rings of totally
real integers.

In 1962 Julia Robinson [15] showed that the semi-ring (INg, 0,1, +, -) is first-order definable in the ring of
integers of any totally real field L, provided O has (N). Vidaux and Videla [18] observed that Robinson’s
proof also works for arbitrary rings R of totally real integers (not necessarily the ring of integers of a field) with
(N)E] Hence, any such ring has undecidable first-order theory.

Our next application comes from more recent work of the first author, Daans and Kala [6]. Let R be a ring
of totally real integers. A totally positive definite quadratic form Q(xy, ..., x,) with coefficients in R is said
to be universal over R if every totally positive element of R is represented by Q. Famously, the sum of four
squares is universal over Z by Lagrange’s Theorem. If R is the ring of integers a number field then there exists
a universal quadratic form over R (see the survey [12] for this and more background). On the other hand, if R
is not contained in a number field then it is usually difficult to decide whether a universal quadratic form over
R exists. The answer is definitely no if R has (N), as was shown in [6, Theorem 3.2].

4We can replace Ly by some Ly to assume L, # L,_1 for all n. Since Q® C Ly we have L, /Ly—1 is Galois for every cubic K,,. Hence,
[Ly: Ly—1] = [Ky : Q] for all n. Therefore the family Lo, Ky, Ky, K3, . . . is linearly disjoint over Q, and d; = 3 for all i.

5The house of an algebraic integer is the maximal modulus of its conjugates.
6In fact, it suffices if R has (N) w.r.t. the house.
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Our next goal is to formulate a quantitative version of Bombieri and Zannier’s Question[l} Again we will
focus on the case d = 3. To this end we introduce the following notion of “size” for subfields of Q®). Since for
L € Q® we have “equality” if and only if L contains all cubic fields, we measure the size of a subfield L of
Q® by measuring how many cubic fields L contains. To this end let N (X) be the number of cubic fields in L
with modulus of the discriminant no larger than X.

Definition 3. Let L be a subfield of Q©®). We define the size s(L) of L as
log"™ N.(X)

s(L) = hm nfi
(b= e log Noe (X)’

where log™ (x) := log(max{1, x}).

Note that s(L) € [0,1], s(L1) < s(L,) whenever L; C Ly, and s(Q®) = 1. Here is a quantitative version of
Bombieri and Zannier’s question.

Question 2. How big can a subfield L of Q® with Northcott property be?

Wright [22, Theorem 1.2], choosing k = Q, G = C3 there, showed that the number of abelian cubic extensions
grows like X!/2. In contrast, the Davenport-Heilbronn Theorem [7] states that the total number of cubic exten-
sions grows linearly. Thus the field th) is a field with Northcott property and has size 1/2.

Using a criterion of the third author [20, Corollary 4], one can easily construct larger subfields of Q® with
(N), say of size > 3/5 (see Section[5). But elementary constructions seem insufficient to provide a complete
answer to Question 2] Fortunately, a deep result of Nakagawa provides sufficiently precise information on
the distribution of cubic number fields with “nearly” prime discriminant. Combining this result with the
aforementioned criterion gives the following observation which is proved in Section 5]

Proposition 2. There exists a subfield L of Q®) with the Northcott property and maximal size s(L) = 1.

2. PROOF OF PROPOSITION(T]

Let L = frac(S) be the field of fractions of S. If L is a number field then we can take T = S. Hence
we can assume L/Q is an infinite extension. We can find a sequence of algebraic integers (6,), such that
Z[01,67,63,...1 C Sand L = Q(64,02,63,...). Let L, = Q(6y,...,0,) so that L = U,;>1L,. Furthermore, we can
assume that L, _1 # L, for every n € IN. Let us define &1 = 61 and set Ty = Z[a1]. Hence, frac(T;) = L1. Now
suppose we have constructed T,,_1 = Z[a1, ..., a,_1]. Suppose T,,_ has field of fractions L,_1. Then

Iy1= [OLn,l 1 Ty1]
is finite and we set
wy =nl,_16;.
Hence, the field of fractions of T, = T;,_1[a,] is equal to L,,. We set
T = U Tn = Z[al,az,oc3, o ]
n>1
Since 8, is an algebraic integer it follows from Gauss’ Lemma that its minimal polynomial

dy,—1
fgn/L’1 1(x)—x + apxtn

over L,_1 liesin Op ,[x]. And since L, # L,_1 it follows that d,, > 1. Using that (nln—l)d”fen/L,,,l(Gn) =0we
find
(2.14) agt = (102" = —ay (L, )iy — - = (L) g, qen — (0l 1)™ag,.

Next note that

+ --+ﬂdn

1,101, , C Ty

Hence, it follows from (2.14) that

Oéf,lln €Ty 1+T, qan+---+T,_ 1(Xd” 1

Suppose y € T. There exists a minimal integer n such that there are polynomials go, . .., g4, -1 in Z[x1, ..., X, 1]
with
dy—1 ,
(2.15) v=Y gilwr, .. an)a), € Tyog+ Tyqay +- -+ Ty ey
i=0
If gi(aq,...,ap—1) =0for1 <i < d, —1then y = go(w1,...,a,_1). This leads to an identity as in ( with n
replaced by n — 1, contradicting the minimality of . Hence thereexists 1 <i <d, —1with gj(aq, .. txn_l) #0.
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Since L, = L,,_1(«x,) has degree d,, > 1 over L,,_; we conclude that L,,_1(y) # L,_1. Hence, there exists a field
homomorphism ¢ : L,,_1(7) — Q, not the identity, that fixes L, 1. We extend ¢ to L, and we write o(B) = p'.
We get

d’171 . .
0F7y—9"= ) gilar, ., 1), — (@)") = (an — a;)Gla, - .., an, 07),
i=1

where G(ay, ..., ay,,)) is some non-zero algebraic integer in the field M = Ly(a)). Set D = [M : Q]. Using
standard estimates for the height we get

2H(7? > H(y =) > [Njo(r = 1)1 P= INyjo(en — 1|7 [NygjqGlas, - . t, )| D
Now &y, — al, = nl, 16, —0},), and I, _1(6, — 6),) and G(ay, ..., &y, «}) are both non-zero elements in Oy,. This
proves that [Ny /q(an — tx;)|% > nand [Ny oGlag, ..., an,zx;)]% > 1.
We have shown that if 4 € T has height below \/m then v lies in Tj. Since T} is contained in the number
field L; we have only finitely many choices for oy with height below +/k/2 by Northcott’s Theorem. This proves

that T has (N).
3. PROOF OF THEOREM 2]

For the proof of Theorem [2]it is convenient to state the following nearly trivial fact as a lemma.

Lemma 1. Let K be a subfield of Q, let 0 € Q, and let L = K(6). Suppose that d = [L : K] > 1, and let « € L be such
that L = K(«). Let (Bo, ..., Bi—1) € K be the unigque vector with o = ,Bd,19d‘1 +- -+ B10+ Bo. Let 01, ... ,04 be the
d distinct embeddings of L into Q, fixing K. Set

k i-2
skij= 3 0@ a0, andy = T Y Brerswi-
=0 1<i<j<d k=0
Then

0 #disc x(La,...,a" = T (oi(a) — oj(@)* = discy x(1,6,...,07 )%
1<i<j<d

Proof. As L = K(x) we conclude 0 # [Ti<i<j<a(vi(x) — 0j(w)). Further, we have

oi(@) = Bg_10:(0)" L+ -+ -+ B1oi(6) + Po,
and thus

i—2
oi(a) — oj(a) = (03(6) — 0;(6)) (Z ,Bk+15k,i,j> -
k=0

Hence, we get

0# [T @) —oj@)*=* [T (@i(6)—0j(6))* = disc; jx(1,6,...,6" )y

1<i<j<d 1<i<j<d

Lemma 2. Let Ly C Q be a field, let (K;); be a sequence of number fields, and suppose
& € Lyy\Ly,_1and « € R,\R,,_1,

where Ly, and R,, are as in . Let Oy, ..., 0n be algebraic integers with K; = Q(6;) for m < i < n, and set
I; =[Ok, : Z[0;]] for m < i < n. Suppose that d; := [K; : Q] = [L; : L;_1] whenever m < i < n. Then there exist
By —1,m—1s---+BLm—1,Bom—1 € Ryy—1 such that

1 _
i (ﬁqu,mfl%'” Lt 4 Br10m + ,BO,m—l) :
n

- Im1m+l o

Proof. Since Ok, C (1/1,)Z[6,] it follows that R, C (1/1,)R,,—1[6,]. Hence, there exist

o

Ba,—1,1-1,Bdy—2,n—1,- -+, Pon-1 € Ry—1
so that

1 _
T (,Bdn—l,n—lez" b4 By + ,Bo,n—l) .
n
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Ifn > mthen By _1,-1="--=P1y—1 = 0due to the fact that [L,,_1(6,) : L,_1] = d,, and just as we did for «
we can write

1 dyq—1
Bon—1 = T (5d,1,171,n729n_11 +o 4 Brn26h 1 +,30,n—2>
n—
with By 142/, B1n—2,Bon—2 € Ry—2. Continuing this way we end up with
1 dn—1
T Tnlpy -1 <5dmfl,m719m”’ +"'+/31,m719m+/30,m*1)
mim+ n

with B4 1 m—1,-- -, Brm—1,Po,m—1 € Ry—1. O

Next we recall the following classical result.

14

Theorem 3 (von Zyliriski, [19]). Let K be a number field. The field index
i(K) := ged {[Ok : Z[0]] : 6 € Ok, K=Q(0)}
has the property that any rational prime p with p | i(K) satisfies p < [K : Q].
Combining Lemmal(l} Lemma 2} and Theorem [3|allows us to prove the following proposition.

Proposition 3. Let Lo C Q be a field, let (K;); be a sequence of number fields, and suppose
Ly =Ly_1(a) and « € R,\Ry_1,
where Ly, and R, are as in . Let p be a prime, and suppose that p > d; = [L; : Li_1] whenever m < i < n. Write

A=discp, (L a,... a1y,

m—1

Then
[ [ max{1, |A‘1|v}[LfﬁQ] > pOrdp(Bin),
olp
Proof. We apply Lemma[2|to get
1 _
a= (ﬁdmfl,mflggnm T4 B 1O+ ﬁO,mfl) :
Inlpsr - In

Since p > d; whenever m < i < n it follows from von Zylinski’s Theorem [3| that we can choose the integral
generators 0y, ..., 0, such that with I = L, 1,41 - - Iy

pil
Next we apply Lemmawith K=L, 1,L=Ly,d=dy >1(note that L = K(«)) and

ﬁi _ ﬁz,r}zfl

forall0 <i <d, —1toget
0 ?/ A= diSCLm/Lm,l(lf gm, ey anm—l),yzl
where
2 B
A
and B is a non-zero algebraic integer.
Since d,;; = [Ly; : L,—1] and K;;; = Q(6,,) we infer
discr,, /1, (1, Om, ..., 050 ~") = discy,, jo(L, 0m, .., 030 "") = Az,

so that we conclude
BZ

A =Dz, Tdndn—=1)"

If p { Ag,,, then the statement follows at once. If p | Ag,,, then

dy
[Ln:Ql

I1 1} ma > T]ja! e 1 D [An(dn—D) dy(Bg)

max{1, [A7 [} EmQl > T [|A7 ;9= —_— | > @),

olp olp olp | Az16,1B7 | AZi6,]

as Ax,, | Az, and p 1 1. 0

We are now ready to prove Theorem [2}
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ProofofTheorem Leta € Rand Ly—1(a) = Liy. Recall that A = disc; (Lo, ..., adm =1y, Using the basic
inequalities H(a + b) < 2H(a)H(b), H(ab) < H(a)H(b), and the fact that conjugates have equal height, we
conclude

(3.16) H(8)=H ( [1 @@ —ajox»2> < (V2H(a))* =,
1<i<j<dm

Next we note that H(A) = H(A™1). By hypothesis of the theorem and Remarkwe haved; = [K; : Q] = [L; :

Li_1]for every i € N. Since a ¢ L,,_1 there exists n > m such that « € R,,\R,_1. Using Proposition [8jwe get

dy
H(A) = HA™Y > T []max{1,|A 7 o} @ > T pordr@rm) =
p>d vlp p>d Hp<d p

But we have ord,(Ak,,) < C; (see [4, Theorem B.2.12], and using that d;;, < d), and therefore we get
H(A) > d %A, |.
Combining the latter with (3.16) proves the claim. O

4. A VARIATION OF THEOREMIII

It would be desirable to replace the hypothesis that the degrees d; be prime in Theorem [1| by the weaker
hypothesis that L;/L;_; has no proper intermediate field. This can be done if we assume that the family of
Galois closures of Ly, K, Kz, K3, . . . is linearly disjoint over Q.

Theorem 4. Let Ly, (K;))n, (L), and (dy,);, be as in Deﬁnition(b), and suppose the Galois closures of Lo, K1, K, K3, . ...
are linearly disjoint over Q. Moreover, suppose there is no proper intermediate field between L,_q and L, for every
n € IN, and all degrees d,, are bounded from above by some d € IN. Then there exists c; > 0, depending only on d, such
that for every « € R

1
H(w) = ¢ (log[Lo(a) : Lol)# .

The proof is almost the same as for Theorem [[|starting by reordering the fields K; by increasing discriminant
|Ak;| and thus redefining the sequence of fields L;. Assuming the new family of fields L; still satisfies the “no
intermediate fields” condition we can proceed exactly as for the proof of Theorem |1|in the Introduction. The
following lemma provides the missing piece.

Lemma 3. Let Ly, (Ky)n, and (Ly)n be as in Definition 2| (b), and suppose the Galois closures of Lo, K1, K, K3, ... are
linearly disjoint over Q. Write Kj, = Ky for n € N, and L}, = Lo T, K. Then there exists a proper intermediate field
between Ly and L,y for some n € IN if and only if there exists a proper intermediate field between L;, and L| _, for
some m € IN.

Proof. First we consider the following special case, where o = 7 ») is the transposition (1, 2).

(1) (Going up) Suppose M is a proper intermediate field between Ly and L;. We claim that MKj is a proper
intermediate field between L and L. Clearly L| € MK, C L), so it remains to argue that MK, cannot
be L} or L}. If MK, = L} = LKy, then we have Ly C M C Ly N L} = L1 N MKj, which contradicts the
linear disjointness of Ly, Ky, Kp. If MK; = L’2 = Ly, then we have L; C MKj. But then linear disjointness
forces M = L. So the claim holds.

(2) (Going down) Suppose M is a proper intermediate field between L1 and L. We write K; for the Galois
closure of Ky, and H for the subgroup of G = Gal(IA<;L1 /L1) whose fixed field is L,. Hence there is a
subgroup H C Hy; C G whose fixed field is M. The hypothesis implies that Ly, K; and K are linearly
disjoint over Q, and so [f(ELl 1 L] = [f(ELO : Lo]. Hence, the injective group homomorphism

¢ : Gal(KzLy /Ly) — Gal(KzLo/Lo),
sending o to its restriction | KoLy’ defines an isomorphism. The fixed fields of ¢(H) and ¢(G) are L} and
Ly respectively. Hence, the fixed field of ¢(Hy) is a proper intermediate field between Ly and L].
Applying the arguments above with L,_1, Ky, K11 in place of Ly, Ky, Ky respectively, we find that the ex-
istence of a proper intermediate field in the chain Ly C Ly C ... is preserved under transposition T, ;+1)-
Furthermore, the claims above actually show that for an arbitrary transposition 7, if there is a proper interme-
diate field between L, and L,,_1 for some m € IN, then there is a proper intermediate field between L’T(m) and
L;(m)—l‘
Finally, let o : N — IN be an arbitrary bijective function, and suppose there exists a proper intermediate
field between L, and L,,_1 for some n € IN. Then there exists a bijective function p : IN — IN that is the
composition of finitely many transpositions, such that p~1(1m) = c~1(m) for every m < o(n). Writing K// = Koy
forn € N and L)) = Lo[; K/, we have L), = L, for every m < o(n), and the claim implies that there is a
proper intermediate field between L = L}, and Ly, ;= Li . O

o(n n)—1
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5. PROOF OF PROPOSITION 2]

The proof of Proposition[2uses a result of Nakagawa and a general criterion for the Northcott property [20,
Theorem 3]. For our purposes the following special case is most convenient.

Corollary 2 (Widmer, [20] Corollary 4]). Let Ky be a number field. Let K1, Ky, . .. be a sequence of field extensions of
Ko such that [K; : Ko] < 3. Suppose for every i there exists a prime p; so that p; | Ak, and p; { Ag; for 0 < j <i. Then,

KOHKn

n>1

has (N).

Before proving Propositionlet us give a simple construction of a subfield of Q® with (N) and size > 3/5.
To this end let p > 2 be a prime and consider Dp(x) = x> + Ax + B. We make the ansatz A = —3n* and

B = 2% + 2p and then choose 7 to be the even integer closest to —(p/2)'/3. Thus, D, is irreducible over Q and
its discriminant
—4A% —27B% = —108p(2n° + p)

is divisible by p and of size O(p°/3). In particular, p? does not divide the discriminant of D, once p > 3 because
108 = 2233. Moreover, if g < p are both primes, then p cannot divide the discriminant of D, since otherwise it
would be at least gp > ¢°. Setting K, = Q(a,), where &y, is any root of D,, we conclude that p ramifies in K,,
but not in K, (for g smaller than p) and |AKp E O(p5/ 3. By Corollary [2| the composite field of all these cubic
fields K, (one for each prime p) yields a Property (N) field L with s(L) > 3/5.

Now let us prove Proposition 2| First we show that for every odd prime p, there exists a cubic number field
Fy such that p | Ap, and |Af,|< 324p. For p = 3, let I3 = Q(«), where a is a root of x3 —3x — 1. Then Ap, = 81.
Assume now p # 3. We appeal to the following result.

Theorem 5 (Nakagawa, [13| Theorem 0.4]). Let —n be a discriminant of an imaginary quadratic field, 3  n. Then
N(—n) + N(—81n) = 39(3n) + 1,
where N(d) denotes the number of cubic number fields with discriminant d.

In the theorem above, the right-hand side equals 391(3n) + 1 > 1, implying that either 91(—n) > 1 or
N(—81n) > 1, ie., there exists a cubic number field with discriminant —#n or —81n. Taking an odd prime
p, depending on whether p = 1 or 3 (mod 4), we let n = 4p or p, respectively. These choices ensure, by Nak-
agawa’s theorem, that there exists a cubic field F, with Af, € {—p, —4p, —81p, —324p}, so that p | Ap, and
|AF,|< 324p, where 324 = 223,

Finally, each Ap, is divisible only by 2,3 and p, so p 1 Ap, for g < p as soon as p > 3. Hence we apply
Corollary 2to Ko = Q and K; = Fp,. The compositum of all these fields L has Property (N). L contains a cubic
field of discriminant at most X for every prime p < X /324, hence N1 (X) > Xlog X and s(L) = 1, as was
required to show.
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