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ABSTRACT. Let K be an algebraic number field and H the absolute Weil
height. Write cx for a certain positive constant that is an invariant of K.
We consider the question: does K contain an algebraic integer « such that
both K = Q(«) and H(«) < cx? If K has a real embedding then a positive
answer was established in previous work. Here we obtain a positive answer if
Tor (KX) # {+£1}, and so K has only complex embeddings. We also show that
if the answer is negative, then K is totally complex, Tor(KX) = {#£1}, and
K is a Galois extension of its maximal totally real subfield. Further, we show
that if u € O is not totally real, then there exists a in O with K = Q(«)
and H(a) < H(u) ck.

1. INTRODUCTION

Let K be an algebraic number field of degree d = [K : Q], and let A be the
discriminant of K. We define the positive constant

9 s/d
(1.1) CK:(W) Ag |,

where s is the number of complex places of K. We write K* for the multiplicative
group of nonzero elements of K, and

(1.2) H:K* —[1,00)

for the absolute, multiplicative Weil height defined in (3.2)).
In [8, Question 2] W. Ruppert asked the following question:

Question 1.1. [RUPPERT, 1998] Does there exist a positive constant A = A(d)
such that if K is an algebraic number field of degree d over Q, then there exists an
element « in K such that

K =Q(a), and H(o) < A|Ag]

Ruppert stated his question using the naive height. However, it follows from
elementary inequalities for heights that the variant we have stated here is equivalent
to the question originally asked by Ruppert. It is known that there exists always a
generator whose height is at most |Ag |/ %, see, e.g., [12, Lemma 7.1].

In [8, Proposition 2] Ruppert obtained a positive answer to his question when
[K : Q] = 2. He also proved that if K is a real quadratic extension of Q, then
the generator « can be selected from the ring Ok of algebraic integers in K. In
[10] the second and third named authors provided the following partial answer to
Ruppert’s question:

1/2d
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Theorem 1.1. Assume that K has an embedding into R. Then there exists an
algebraic integer o in O such that

(1.3) K =Q(a), and H(a)<ck.

In Theorem the generator « is an algebraic integer, a requirement that was
not stated in Ruppert’s question, while the height of « is bounded in a manner that
was anticipated in Ruppert’s question. Hence Theorem generalizes Ruppert’s
earlier result to number fields K that have at least one real embedding.

Ruppert’s question has also been answered in the affirmative for abelian number
fields of sufficiently large degree [I1, Theorem 1]. Moreover, it is known that the
exponent 1/2d cannot be replaced by a smaller value, at least not if d is even [11]
Theorem 2].

In this note we establish a positive answer to Ruppert’s question for a new class
of number fields.

Theorem 1.2. Assume that K is a number field, and p is an algebraic integer in
Ogk that is not totally real. Then there exists an algebraic integer o in Ok such
that

(1.4) K =Q(a), and H(a)< H(u)ck.

Let Tor (K X) denote the torsion subgroup of the multiplicative group K*. This
group is known to be a finite, cyclic group of even order 2qx, where gk is a positive
divisor of Ak (see [5, Proposition 3.11]). The following simple corollary illustrates
how Theorem can be applied.

Corollary 1.1. Assume that K is a number field such that
Tor(K*) # {£1}.
Then there exists « in O such that
K =Q(a), and H(a)<ck.

To derive Corollary from Theorem we select p to be an element of the
group Tor(K X) having order greater than or equal to 3. It follows that p is a
complex (and not real) root of unity and therefore H(x) = 1. In this example
1 has no real conjugates over Q and therefore the field K containing p is totally
complex.

Another implication of Theorem is an affirmative answer to Question [1.1
(with A = 2, say) whenever the field K contains a non-quadratic algebraic integer
of the form n!/™ with integers m > n > 2. In Theorem we may take p = n'/™,
for which we have H(p) < 2.

The constructive method used in the proof of Theorem enables us to obtain
a result in which we identify a class of number fields which might not have a small
integral generator.

Theorem 1.3. Let H > 1 and assume that K is a number field such that
(1.5) Hex <min{H(a) : a € Og and K = Q(a)}.

Let FF C K be the maximal, totally real subfield of K. Then K is totally complex,
K/F is Galois, and every p € O with H(pu) < H is contained in F.
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For a number field K that satisfies the hypotheses of Theorem [I.3] a represen-
tation for the Galois group Aut(K/F) is provided in (5.5). We also note that the
restriction of complex conjugation to K belongs to Aut(K/F) and is an automor-
phism of order 2. This implies that £ = K NR is the unique real subfield of K with
[K: k] =2and F C k C K. A more general form of these remarks follows from

(5.2) and (5.3)) in the proof of Theorem [1.3
Taking # = 1 in Theorem [I.3] we conclude that if K is a number field such that

(1.6) ck <min{H(a): a € Ok and K = Q(a)},

then K is totally complex, K is Galois over its maximal totally real subfield F,
and Tor(K*) = {£1}. Next we record some examples of fields K that satisfy the
inequality ([1.5)) in Theorem with H = 1.

In Section [2] we provide some examples which motivate our new results. In
Section [3| we prove some auxiliary lemmas. The proof of our main results Theorem
and Theorem [I.3] are completed in Sections [4] and [5] respectively.

2. EXAMPLES

2.1. Imaginary quadratic fields. Let m be a squarefree, negative integer and
let L = Q(\/ﬁ) be the imaginary quadratic field generated by /m. An integral
basis for the ring Oy, is well known (see [I, Theorem 7.1.1]). We also recall (see [T}
Theorem 7.1.2]) that

2.1) A, o lm ifm=1 (mod4),
‘ 7 lam ifm#1 (mod 4).

It is now a simple matter to minimize the height over elements of Oy, that generate
the field L by constructing their minimal polynomials (see [§, Section 2] for more
details). If m =1 (mod 4) we find that

(2.2) min {H(a):a €O and L = Q(a)} = L(1+|AL])?,
and if m Z 1 (mod 4) then

(2.3) min {H(e) : @ € Oy and L = Q()} = L|AL]5.

Among the imaginary quadratic fields L, only the fields
L=Q(vV-3) and L=Q(v-1)

satisfy the condition Tor(LX) # {£1}. These fields are both generated by a root
of unity and therefore the minimal height of an algebraic integer that generates the

field is 1. This conclusion also follows from (2.1)), (2.2), and (2.3).
If L = Q(v/m) satisfies Tor(L*) = {+1} then it follows from our previous

remarks that the minimum height of an integral generator is greater than 1. As the
value of the minimal height is given by (2.2]) or by (2.3)), it is easy to verify that

1/2
= (2) o <0 0

in both cases. This shows that for imaginary quadratic fields L the inequality (1.5))
with H = 1 holds if and only if L satisfies Tor(L*) = {+1}.
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2.2. A quartic number field. While for quadratic number fields K, the inequality
holds if and only if K is totally complex Galois extension of Q and Tor(K X) =
{#£1}, for number fields of degree greater than 2, this equivalence no longer holds.
The following is an example of a totally complex quartic number field K that is a
Galois extension of a totally real number field, with Tor(K*) = {£1} for which
does not hold. Let a be an algebraic integer that satisfies

a?=V3-2<0,
and K = Q(«). The quartic field K has discriminant (see [4, Theorem 1])
A = 2832

On the other hand,

H(a) = HWV3 —2)Y2 = (V3+2)V/4 < (2/m)1/2(283%)/8 = ¢k.
Assume that Tor (K X) # {£1}. Since 2 and 3 are the only primes that ramify in
K we conclude that

%(\/—73—1) €K or V-1€K.

But since v/3 € K, we get v/—1 € K in either case, and thus also /2 — V3eK.

However, the algebraic number /2 — /3 is totally real of degree 4, and therefore it
cannot belong to the totally complex quartic field K. This contradiction confirms
that Tor(K*) = {£1}.

2.3. A family of CM-fields. We recall that K is a CM-field if K has only complex
embeddings and there exists a totally real subfield & C K such that K/k is a
quadratic extension. There are well known characterizations of CM-fields due to
Blanksby and Loxton [2] and Shimura [, Proposition 5.11 ]. It follows that if K is
a CM-field that satisfies the hypotheses of Theorem [I.3] then the maximal totally
real subfield F' that occurs in the statement of Theorem [I.3]is equal to k.

Next we give a family of examples of CM-fields of degree d = 2N > 4 that
satisfy (L.6). First we pick a totally real field F' of degree N. Let {wi,...,wn}
be a Z-basis of Op. Let n be a positive, squarefree integer, set M = Q(y/—n),
and let 1,& be a Z-basis of Oy;. Assume that Arp and Ay are coprime, and set
K = FM = F(y/—n). This implies that

{wi, .., wN,wi&, ..., wNE}
is a Z-basis of O, and
|Ak| = AR AMIY < AR ()Y
In particular, every a € O with K = Q(«) can be written in the form
o = oo+ w'vm),

where w and W’ # 0 are in Op. Using that F is totally real, and writing 7 for an
embedding in Hom (K, C), we find

Ha)> [ KW= J] |rw +r)rv=m)""

T€Hom(K,C) T€Hom(K,C)
>ivin I Ir@)| = v,
T€Hom(K,C)

Hence K satisfies (1.5) with 74 = 1 for all sufficiently large n.



HEIGHTS OF GENERATORS 5

3. LEMMAS

Let K is an algebraic number field. We use
||:C—[0,00) and p:C—C,

for the standard absolute value on C and complex conjugation, respectively. At
each place v of K we write K, for the completion of K with respect to an absolute
value from v. Then || ||, is the unique absolute value from v that extends either the
usual Euclidean absolute value on Q or the unique p-adic absolute value on Q.
We write d = [K : Q] for the degree of K and d, = [K, : Q,] for the local degree
at the place v. Then we define a second absolute value from v by

(3.1) o = 11115/

It follows that the absolute, multiplicative Weil height of « in K> is the map (1.2)
defined by (see [3| section 1.5.7])

(3.2) H(a) :Hmax{1,|a|v}.

We also write W (K/Q) for the set of archimedean places of K. If v is a real
place of K then o, : K — C is the embedding associated to v by

(3.3) 1B8]lv = |ow(B)| for each 3 in K.
If w is a complex place of K then
ow:K—-C and po,: K—C
are the two distinct embeddings associated to w by the identity
(3.4) 1Bl = |ow(B)| = |pow(B)| for each 8 in K.

We write more simply Hom(K, C) for the collection of all d distinct embeddings of
K into C. If o # 0 belongs to the ring Ok of algebraic integers in K then from

, , and 7 we obtain the identity
H(a)! = Hmax{l,”a”ﬁ“} = H max{1,|7'a|}.
v]oo T€Hom(K,C)

The following result is a version of Minkowski’s basic theorem on lattice points
in convex bodies. A proof is given in [6, Chapter I, Theorem 5.3].

Theorem 3.1. For each embedding 7 in Hom(K,C) let b(r) be a positive real
number. Assume that b(pt) = b(7) for each 7 in Hom(K,C), and

(3.5) (ex)'< I[ o),
r€Hom(K,C)
where ck s defined in . Then there exists £ # 0 in Ok such that
[TE| < b(r)  for all T in Hom(K, C).
The next lemma is a simple application of Minkowski’s theorem.

Lemma 3.1. Assume that the field K has at least two archimedean places. Let w
be an archimedean place of K. For each archimedean place v # w let 0 < B, < 1.
Then there exists a nonzero algebraic integer €™ in Ok such that

(3.6) |§(“’)|U < B, ifv|co and v # w,
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and
(3.7) €] <ex [ B
o

Furthermore, we have H(ﬁ(w)) = ‘E(“’)|w.
Proof. Let € > 0. If v # w is a real place of K and

o, : K —C
is the associated embedding, we set

b(a,u) = Bg.
Similarly, if v # w is a complex place of K and the associated embeddings are

oy: K—C and po,: K — C,
we set
b(av) = b(pav) = le/z.
If w is a real place we define
bow) = (L +eex [T B

v|oo

vFEW
and if w is a complex place we define
b(ow) =b(pow) = ((1+¢)(ck H B;l))d/2~

v|oco

vFEW
Then it follows in all cases that
(3.8) [T o) =+e)ex).
T€Hom(K,C)

The identity (3.8]) implies that the positive real numbers b(7) satisfy the hypoth-
esis (3.5 in the statement of Theorem Then it follows from the conclusion of
Theorem m that there exists an algebraic integer £*) # 0 in O such that

’Tf(“’)‘ <b(r) for all 7 in Hom(K, C).

We have shown that for every positive value of € there exists a nonzero algebraic
integer £(*) in O such that

(3.9) ‘f(“’)‘v < B, ifv]ooand v # w,

and

(3.10) €| < @ +e)ex [ B
e

Using that B, < 1 whenever v | oo and v # w, and that £(*) is a nonzero algebraic
integer, we conclude from the product formula that |f(w) ’w > 1. Thus |i gives

It follows from Northcott’s theorem in [7] that the set of nonzero algebraic integers
) in O that satisfy (3.9) and (3.10) with € = 1 is finite. And we have shown that
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this finite set is not empty for every positive value of €. Therefore the statement of
the lemma follows. ([

Lemma 3.2. Assume that the field K is totally complex and has at least two
archimedean places. Let w be an archimedean place of K and let £*) be a nonzero
element of O that satisfies
(3.11) €W, <1 ifv]oo and v # w.
Write

ow: K —C and po,: K—C
for the embeddings of K into C that satisfy the identity (3.4]). Assume that the field

k=Q(™)
is a proper subfield of K. Then we have
(3.12) [K : k] =2.
Moreover, the subfield k satisfies
(3.13) ow(k) = 0w(K)NR.
And the restriction of complex conjugation
(3.14) p:ou(K) = ou(K)

is an automorphism that fizes the subfield o, (k).

Proof. Since £(*) is a nonzero algebraic integer it follows from (3.11)) and the prod-
uct formula that
1< €],

Let = be the unique archimedean place of the proper subfield & that satisfies w]|z.
Write K, for the completion of K at the place w and k, for the completion of k
at the place x. Then we get

1< ‘f(w)|w = |€(w)|r-
If v # w is a second archimedean place of K that also satisfies v|x, we find that

1< [y = (M),

which contradicts (3.11]). We conclude that w is the unique place of K that satisfies
wl|z. Because the global degree of the extension K/k is the sum of local degrees
over the completion k,, we conclude that

(3.15) 2< [K k] = [Ky: ky] <[C:R]=2.
This verifies (3.12)).

It also follows from the equality in (3.15) that the completion k, is isomorphic
to R. We conclude that

(3.16) ow(k) CR, and 0y, (k) Cow(K)NR C 0y (K).

Because K/k is a quadratic extension it follows from the two containments on the

right of (3.16)) that either

(3.17) ow(k) =0u(K)NR or 0,(K)NR =0,(K).

As K is totally complex the equality on the right of (3.17) is clearly impossible,
and we conclude that the equality on the left of (3.17) must hold. This verifies
the equality in (3.13). It also shows that the restriction of complex conjugation to
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ow(K), fixes the real subfield o, (k). The field extension o, (K) /oy, (k) is quadratic
and therefore Galois. We conclude that p in (3.14)) is indeed an automorphism. O

In the statement of Lemma the map p : C — C is restricted in (3.14) to the
various embeddings of K into C. We record a variant in which K is fixed and the
group Aut (K / k) is identified.

Corollary 3.1. Let K be an algebraic number field that satisfies the hypotheses of
Lemma . For each archimedean place w of K let £€™) be a nonzero element of

Ox that satisfies from Lemma and suppose
EL(w) — @(g(m)
is a proper subfield of K. Then K/k™) is a Galois extension of order 2 and
Aut(K/k(w)) = (0, po).
Proof. It follows from Lemma that K/k(") is an extension of degree 2. And it
follows from that
(3.18) o tpoy K — K

is an automorphism that fixes the subfield k() C K. We conclude that K/k(*) is
a Galois extension and Aut (K / k(w)) is generated by the nontrivial automorphism
(13.18]). O

Next we prove an elementary lemma from Galois theory.

Lemma 3.3. Let L be an algebraic number field and let

{51,427... ,gJ}
be a finite collection of subfields of L. Assume that L/{; is a Galois extension for
each j=1,2,....J. If

F=0(Nnbn---N{y
then L/F is a Galois extension. Moreover, let
H; = Aut(L/¢;) C Aut(L/F) forj=1,2,...,J,
be the subgroups attached to the extensions L/{;. And let
G = (Hy,Hs,--- ,Hj) C Aut(L/F)

be the group generated by the collection of subgroups Hy, Hs, ..., Hy. Then we have
(3.19) G = Aut(L/F).

Proof. Since the characteristic of F is zero the extension L/F is separable. Suppose
« is an element of L satisfying L = F(«). Then let P(z) be the monic polynomial

P(z) = [] (z = 2(a)).
vEG

It follows that P(«) = 0. Since G C Aut(L/F) each root v(«) belongs to L.
Let ¢ be an automorphism in G. Then we have

o(P(x)) = [[ (= = ()

(3.20)



HEIGHTS OF GENERATORS 9

From (3.20) we conclude that each coefficient of P(z) is fixed by the automorphisms
in each of the groups H; for j = 1,2,...,J. Therefore each coefficient belongs to
the field

fLhnbaN---Nty=F.

We conclude that P(z) is in F[z] and L is the splitting field of P over F'. It follows
that L/F is a Galois extension and #G = deg P > [L : F] = # Aut(L/F). This
implies that G = Aut(L/F). O

4. PROOF OF THEOREM

If K has an embedding into R then the inequality follows from in the
statement of Theorem Therefore we assume throughout the remainder of the
proof that K is totally complex.

If K is a complex quadratic field then we have K = Q(u) because p is not totally
real. Since cx > 1 it follows that holds with o = p.

For the remainder of the proof we assume that the totally complex number field
K has degree at least 4, and so has at least two archimedean places. Let w be an
archimedean place of K such that o, (1) ¢ R.

We apply Lemma [3.1| with the choices B, = max{1, |u|,}~! (for v|oo,v # w) to
get a nonzero algebraic integer £€(*) in O that satisfies the inequalities and
in Lemma Consider the subfield

(4.1) Q(¢™) C K.
Using (3.7]) we find that

H(E) = (6], < exc [T max{Lul.} < excH ().
v|oco

vFEW

If there is equality in the containment (4.1)) then (1.4) holds with a = gw)
Now suppose Q(f(w)) is a proper subfield of K. It follows from 1) that

ow(€ (w)) € R. Consider the nonzero algebraic integer o = &™), and set

k=Q(a) CK.
We note that
_ (w) I:U"v .
aly = |ulu|& ], < —————— <1 if v|oo and v # w.
e = el S el ) |

Since 0, (6()) € R and 0,(1) ¢ R we conclude that o, (a) = oy, (1), (E)) ¢ R.
Therefore Lemma applied to a instead of ), gives k = K. Finally, using
that ||, < 1 for all places v with v # w, we get

H(a) = |a‘w = |M|w|£(w)‘w < |M|ch H max{l, |/’L|U}
v|oo

vFW
<cgk H max{1, |ul|,} = cx H(p).

v|oco
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5. PROOF OF THEOREM [L.3]

If K has a real embedding then it follows from Theorem that the inequality
is false.

Now suppose that K has only complex embeddings and there exists u € Og
such that H(u) < H and p ¢ F. It follows that p is not totally real. And Theorem
[[:2 implies that there exists o in Of such that

(5.1) K =Q(a), and H(a) < H(u)ex < Hek.

But the inequality contradicts the hypothesis in the statement of Theo-
rem We conclude that the hypothesis implies that K is totally complex
and that every p € Ok with H(u) < H lies in F. It remains to prove that
also implies that K/F is a Galois extension.

If the totally complex field K has exactly one archimedean place then K is an
imaginary quadratic extension of Q. In this case it is easy to prove that F = Q
and K/Q is Galois. For the remainder of the proof, we assume that K has at least
two archimedean places, that satisfy

{a €0k :H(a) <H}CF,

and satisfy the inequality . Therefore K satisfies the hypotheses of Lemma
and Lemma [3.2l For each archimedean place w of K we select a nonzero
() € Ok that satisfies the inequalities (3.6)) and in the statement of Lemma
for the choices B, = 1 (for v | 0o, v # w). It follows from Lemma that
H(£™) < e < cxH. Therefore the hypothesis implies that

(5.2) k) = Q(e™)

is a proper subfield of K. Hence, it follows from Corollary m that K/k(™) is a
Galois extension of order 2 and

(5.3) Aut(K/k(w)) = (0, poy).
Next we define the subfield
(5.4) F= (k" CK.
w]|oo

Then it follows from Lemma that K/ F is a Galois extension and
(5.5) Aut(K/F) = (0, pow : w|oo is a place of K).

If a belongs to F then it follows from l} that o belongs to k(*) at each archimedean
place w of K. And it follows from (3.13]) that

ow(a) € oy (k‘(“’)) CR

at each archimedean place w of K. We conclude that F is totally real.

Finally, let 8 be an element of K that is totally real. Then at each archimedean
place w of K we have both 0,(8) € 0, (K) and 0,,(8) € R. Applying (3.13]) we
find that

(5.6) 0w(B) € 0u(K)NR = 7y, (k™)
at each archimedean place w of K. We conclude from ({5.6]) that
Be (k™ =F,

w|oo
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and therefore F' = F is the maximal totally real subfield in K.
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