STAND-ALONE PROJECT
FINAL REPORT – preliminary version
P24028-N18
Project number
Project title

Hyperbolic structures in stochastics,
graph theory, and topology

Project leader

Univ.-Prof. Dipl.-Ing. Dr. Wolfgang Woess

Project website

https://www.math.tugraz.at/~woess/#fwf
https://www.math.tugraz.at/~woess/FWF-P24028publ.html

Table of Contents
1. Report on research work
1.1 Statement on the overall impact of this project
1.2 Information on the development of the research project
1.3 Most important results and brief description of their significance
1.4 Information on the execution of the project, use of available funds and
(where appropriate) any changes to the original project plan
2. Personnel development –
Importance of the project for the research careers of those involved
3. Further aspects
4. Project publications
1.1 Peer-reviewed publications / already published
1.2 Peer-reviewed publications / to appear
1.3 Preprints / submitted

1. Report on the research work
1.1

Statement on the overall impact of this project

The following lines take up part of a text presented in relation with the previous FWF project
P-19115-N18.
When I came to TU Graz in 1999, the small department of which I became the head was
equipped with 2 assistant positions, both held by tenured persons working in quite different
areas than myself. In the meantime, we have been merged with the Institute of
Combinatorics and Optimisation to become the bigger Institute of Discrete Mathematics. The
two working groups corresponding to my former institute have three regular university
positions besides myself (held by Franz Lehner, Daniele D'Angeli and Ecaterina Sava-Huss);
except for Lehner’s position, no tenure is possible. Since 2002, I have run three subsequent
FWF projects, each one with the funding corresponding to one PostDoc and one PhD
position. These two projects have been the backbone for building up a vibrant research
group of 9-12 people on the whole. Let me exemplify my way of operating. Agelos
Georgakopoulos joined my group within the previous FWF project P19115-N18 and
contributed significantly to the present project. Somewhat later he left, and now he is an
associate professor at Warwick University, holding an ERC starting grant. He was not “lost”
for the research group, because the exchange continued. At the same time, I could attract
other young people to come to Graz, in particular Daniele D'Angeli, who integrated himself so
well in the group that some time later he got a regular (though unfortunately not tenured)
assistnt professor position and recently obtained his “Habilitation”.
Similarly, the last project PostDoc Wojciech Cygan initially came only for 11 months, and then
I managed to obtain a 6 months' funding from a different source. In the meantime, I was able
to ensure that my project PhD Judith Kloas could be paid for her 4th year from a different
source, so that I could re-employ Cygan within the project until July 31, 2017. This has been
fruitful for both of them, because in this way they could extend their ongoing collaboration.
Thus, with careful eyes on different funding possibilities, occasionally shifting collaborators
from one type of funding to another one, I could enlarge my group and offer research
opportunities to twice as many persons as provided directly by the FWF funding. But I could
not have done this without the FWF project.
So, in concluding this initial statement, I can say that this as well as the preceding FWF
project have had an extremely positive impact on building up my research group, quite far
beyond the formal scope of the project. For this reason, in the following part of this report, it
is not always reasonable to separate the formal project employees from the other members
of the group, because all of them profited from the project(s) directly or indirectly. I do hope
that with another follow-up project, I will be able to support a good number of young persons
in the years until my retirement scheduled for September 30, 2022.
1.2

Information on the development of the research project

The project proposal is still available under
https://www.math.tugraz.at/~woess/folgeantrag.pdf.

It owes much to my scientific exchange with Agelos Georgakopoulos. He had already
been PostDoc in my group within a previous FWF project from 2009 to 2011. Based on this
exchange, the proposed themes were
A. Continuation of the study of Brownian motion and harmonic functions on “treebolic space“
and related horocyclic products.
B. Random walks on Baumslag-Solitar groups - related with A.
C. Hyperbolic extensions, stochastic dynamical systems, and processes on hyperbolic
boundaries.
D. A continuation of the work on Brownian motion and potential theory on metric graphs with
finite total edge lengths.
E. Characterisation of the planar groups, yielding structure tree splittings of these groups;
extensions to non-planar cases.
F. Using augmented trees and Gromov-hyperbolicity to describe local connectedness in
topological spaces.
In the end, Georgakopoulos was funded by the project only for 5 months, but he is an
outstanding mathematican with many sparkling ideas, and undertook work in several of those
topics, in particular D and E, as well as further ones. Thus, he contributed a good number of
substantial papers which acknowledge support by this project. Topic A was primarily my own
work. Comments on the other topics will follow below.
After the departure of Georgakopoulos (now on a permantent position at Warwick Univ. and
holder of an ERC starting grant), Iapplied for interruption of the project for 8 months in order
to permit a thorough search for a new post doc. At a one week visit to the institute in autumn
2012, Daniele D'Angeli made a very good impression on all of us, and I offered the positition
to him. After PhD in Rome, he had gathered multiple international experience and started
autonomous research with main focus in a field which is well related with the overall theme of
the present project, namely
G. Groups acting on rooted trees, in particular automata groups.
D'Angeli started on April 15, 2013 and integrated himself perfectly in the research group and
the institute, learned German within 8 weeks and turned out to be an optimal “acquisition“.
Therefore, when a 6 years' regular assistant prof. position became vacant, he was ranked
first on the list of applicants. He is now holding this position since March 1, 2014, so that
his funding by the present project ended with that date. Due to his very fruitful research
activities, he has contributed a large number of publications with support by the present
project.
Also on March 1, 2014, Judith Kloas became project PhD. She has been working in the
realm of topic C, namely on multidimensional reflected random walk. She was funded by the
present project until February 28, 2017 and then again in autumn 2017. The “appearance“ of

a different funding possibility made it seem wise to shift her payment to this other source
from March to August, 2017.
From May 1 to December 31, 2014, my former PhD student Wilfried Huss held the PostDoc
position within the project. He collaborated with Daniele D'Angeli, as well as with his wife and
with Sebatian Müller on another issue that is well related with the “hyperbolic“ aspects of this
project, namely
H. Rotor router walks on trees.
Coming back to the original topics, B was covered by Johannes Cuno, first as a PhD
student in the FWF-Doctoral Program (DK) “Discrete Mathematics“, whose speaker I am.
Subsequently, in the period May 15 – October 15, 2015, he concluded his PhD within the
present project.
The last project PostDoc was Wojciech Cygan (former PhD student of A. Bendikv, Wroclaw)
from October 1, 2015 until July 31, 2017 with an interruption of 6 months (September 1, 2016
– February 28, 2017) during which he was funded by NAWI Graz. His contributions to the
project were to part C in two ways: stochastic processes on ultrametric spaces (= boundaries
of trees) and collaboration with Judith Kloas on variants of multidimensional reflected random
walk and resulting issues of more probabilistic-analytic nature which point at new research to
become part of a follow-up project.
In conclusion, there are project results and publications to 5 of the 6 initially outlined topics
A – E (the only exception being F) plus the additional, related topics G – H.

1.3

Most important results and brief description of their significance

The rather long list of project publications is attached at the end and available at
https://www.math.tugraz.at/~woess/FWF-P24028publ.html
Here, I highlight some selected publications, involving all project collaborators.
A. Georgakopoulos: "The boundary of a square tiling of a graph coincides with the
Poisson boundary", Inventiones Math. 203 (2016) 773-821.
DOI: 10.1007/s00222-015-0601-0, arXiv:1301.1506
This is one of the flagships of Georgakopoulos’ work in the last years. In ingenious work in
the 1990ies , Benjamini and Schramm [Ann. Probab. 24 (1996) 1219-1238] introduced the
use of square tilings for the study of random walks and harmonic functions on planar graphs.
In the transient case, the square tiling has a natural geometric boundary, and they asked
whether this was the Poisson boundary. Now, the available toolbox for determining the
Poisson boundary of random walks is mainly restricted to groups and generalisations thereof,
see the profound work of Kaimanovich. In the present work, Georgakopoulos develops
entirely new methods which apply to this setting which is in general far from groups. He uses
what he calls sharp harmonic functions (basically corresponding to tail events). This is
combined with a detailed description of the interplay between the “electrical” properties of the
random walk and the boundary of the square tiling in the cylinder on which the latter takes
place. Referring to the project theme, the “hyperbolic” significance of this work is underlined

by the recent paper by Federici and Georgakopoulos [“Hyperbolicity vs. amenability for
planar graphs”, Discrete Appl. Geometry, in print, arXiv:1509.02028].
D. D'Angeli and E. Rodaro: “Freeness of automata groups vs boundary dynamics”,
Journal of Algebra 462 (2016) 115–136. arXiv:1410.6097
Automata groups are a rich object of study from several viewpoints. They gained high
significance through the work of Grigorchuk on groups with intermediate growth. Their
exploration in terms of Mealy automata generating groups that act on a rooted tree owes
much to the work of Sidki. One of the interesting directions is to study the relation between
algebraic properties of the group and the dynamics of the action on the boundary. The
authors undertake such a study in terms of the Schreier graphs associated with orbits of
boundary points. Considering in particular automata which are bireversible transducers, they
describe (non-)freeness of the resulting groups.
A. Bendikov, L. Saloff-Coste, M. Salvatori and W. Woess: "Brownian motion on
treebolic space: positive harmonic functions", Ann. Institut Fourier (Grenoble) 66
(2016) 1691-1731. DOI: 10.5802/aif.3048, arXiv:1412.2218
This is the final part of a long and rather hard specific research topic, which links discrete and
non-discrete objects. The focus is on the study of Laplace operators on spaces which have
singularities at certain bifurcation lines, and the description of the resulting stochastic
process as well as the positive harmonic functions. The concrete object here is the horocyclic
product of a tree and hyperbolic upper half plane. Previous work with Brofferio and Salvatori
concerned the analogous horocyclic products of two trees – purely symmetric – and two
hyperbolic planes – smooth. In the present situation, considerable difficulties had to be
overcome, starting with the rigorous construction of the Laplacians, which was settled in a
first, very general paper [Advances in Math. 226 (2011) 992-1055]. The evolution in space of
the resulting Brownian motion on treebolic space was described in paper [5] of the
publication list included below. The main challenges of the present paper concern the
Poisson representation of harmonic functions on rectangular sets, its combination with
suitable Harnack inequalities, and the proof that positive harmonic functions for the Laplacian
arise as extensions of positive harmonic functions for a related random walk on the isometry
group of the space. The main results concern a complete description of all positive harmonic
functions.
J. Cuno and E. Sava-Huss: "Random walks on Baumslag-Solitar groups", under
revision for Israel J. Math. arXiv:1510.00833
The treebolic spaces mentioned above are, with suitable parameters, spaces on which the
amenable Baumslag-Solitar groups act by isometries and with compact quotient. This leads
to a good understanding of the Poisson boundary of random walks on those groups,
although this geometric viewpoint was not used in the corresponding paper by Kaimanovich
[in “Probability measures on groups X” (Oberwolfach, 1990), Plenum, New York, 1991, pp.
205–238]. Now, as the present paper explains, also every nonamenable Baumslag-Solitar
group acts co-compactly by isometries on a strip complex which arises as a level product of
hyperbolic plane with a tree, where however the horocyclic level has to be replaced by a
different level function. In this case, basically due to non-amenability, the geometric
description of the Poisson boundary is harder than in the amenable situation. In this work,
the main difficulty concerns the situation where the “vertical drift” is 0, which is tackled by
smart methods.

A. Bendikov, W. Cygan and W. Woess: "Oscillating heat kernels on ultrametric
spaces", J. Spectral Theory, in print. arXiv:1610.03292
This is one of the follow-ups of the long paper on isotropic processes on ultrametric spaces
by Bendikov, Grigor’yan, Pittet and Woess [Russian Math. Surveys 69 (2014) 589-680],
number [8] in the below list of project publications. Processes on such spaces have been
studied by various authors. The clever and simple approach going back mainly to Bendikov
allows an efficient study of many different features. The spectrum is completely understood,
and a transparent presentation of the transition kernel leads to good asymptotic estimates.
Here, we are concerned in particular with two group-invariant random processes of this type.
The first is the heat kernel of the operator of fractional derivative of order α on the p-adic
numbers. The precise asymptotics consist of a leading term t − 1/ α multiplied by a nonconstant α-periodic function. The second concerns a similar operator on the infinite
symmetric group. The transition probabilities of the associated continuous time random walk
oscillate in a more dramatic way between an upper and a lower function whose quotient
tends to 0. The results are somehow reminiscent of similar oscillatory behaviour of random
walks on the discrete Sierpinski gasket found by Grabner and Woess [Stochastic Process.
Appl. 69 (1997) 127–138].
J. Kloas and W. Woess: "Multidimensional random walk with reflections", preprint.
arXiv:1707.01714
Reflected random walk on the real or integer line is obtained by taking an ordinary random
walk, but reflecting it (i.e., changing sign) whenever it becomes negative,
before adding the next increment. It has been studied by various authors since the 1940ies,
including Feller and Knight. It was considered within the context of locally contractive
stochastic dynamical systems in an excellent PhD thesis by Benda [Ludwig-MaximilansUniversität München (1998)] and subsequently by Peigné and Woess [Colloq. Math. 125
(2011) 31-54]. The present paper concerns the multidimensional situation, where one has
reflection in some or all coordinates, while there may be coordinates where the respective
marginal random walk evolves without reflections. Some results in the purely non-lattice case
are due to Peigné [Ann. Inst. H. Poincar e Probab. Stat. 28 (1992) 63–94]. In the PhD work
of J. Kloas, it turned out that the multidimensional case is substantially harder than the
onedimensional one. Even positive recurrence is a challenge, in particular in presence of
marginals which are discrete (lattice). The present paper provides a detailed result on this
question, when there is reflection in all coordinates, by using contractivity and convergence
of the backward process, while the more direct approach of fist determining explicitly the
essential classes appears to comprise significant obstacles. Another result concerns the
case when there are non-reflecting coordinates which are non-lattice: here, the methods use
tools from ergodic theory on stationary random walks.
1.4

Information on the execution of the project, use of available funds and (where
appropriate) any changes to the original project plan relating to the following:



Duration: May 15 – September 14, 2012 and April 15, 2013 – November 14, 2017
Use of personnel:
1) Agelos Georgakopoulos, PostDoc, May 15 – September 14, 2012
2) Daniele D’Angeli, PostDoc, April 15, 2013 – February 28, 2013
3) Judith Kloas, PhD, March 1, 2014 – February 28, 2017 and September 1 –
November 14, 2017
4) Wilfried Huss, PostDoc, May 1 – December 31, 2014




5) Johannes Cuno, PhD, May 15 – October 15, 2015
6) Wojciech Cygan, PostDoc, October 1, 2015 – August 31, 2016 and March 1 –
July 31, 2017
Major items of equipment purchased: none
Other significant changes: the additional topics G (groups acting on rooted trees, in
particular automata groups) and H (Rotor router walks on trees), fitting well into the
overall themes.

2. Personnel development – Importance of the project for the research careers
of those involved


Agelos Georgakopoulos: September 17, 2012 – February 28, 2013 Zeeman
Lecturer, Warwick Univ.; March 1, 2013 – June 30, 2015 assistant prof. and since
July 1, 2015 associate prof. at Warwick Univ. Since September 2013 ERC starting
grant.



Daniele D’Angeli: currently on a regular 6 years‘ assistant prof. position at the same
institute.



Judith Kloas: temporarily & after November 14, 2017 funded from a different source,
expected to finish PhD studies by February 2018.



Wilfried Huss: January 1, 2015 – March 31, 2016: FWF Schrödinger fellowship at
Cornell University, USA. Subseqently return fellowship, senior PostDoc at Institut für
Diskrete Mathematik, since January 1, 2017 assistant prof. (maternity coverage of
his wife’s position)



Johannes Cuno: October 15, 2015 – May 31, 2015: PostDoc at Institut für Diskrete
Mathematik, part-time coordinator of the FWF-funded doctoral program “Discrete
Mathematics” (of which I am the speaker). June 1, 2016 – July 31, 2017: PostDoc at
Univ. Ottawa, Canada (Prof. Kaimanovich), subsequently: PostDoc at ENS, Paris
(Prof. Erschler).



Wojciech Cygan: regular assistant prof. position at Univ. Wroclaw, Poland. Starting
with autumn 2017 PostDoc at Univ. Dresden, Germany (Prof. Schilling)

As one can see, for all of them, working within this project work has contributed significantly
to their subsequent opportunities and research carreers.

3. Further aspects
Funding principles. My primary goal has always been to use the project funding for
supporting young scientists, that is, for their salaries. As mentioned above, optimising these
possibilities resulted sometimes in “shifting” the collaborators to different funding sources.
For example, Cygan could by paid by a PostDoc funding of NAWI Graz (the cooperation
between the 2 Graz universities) for an interim period of 6 months. Without this, he would
have left already after August, 2016, but then I was able to keep him here until July, 2017,

Also thanks to the fact that Judith Kloas could be “shifted” to another PhD funding source
Beginning with March 2017, so that additional funding became available for Cygan. This was
advantageous for both of them, since they had started a fruitful collaboration.
For the same reason (maximising the funding for young scientists), I hardly ever use project
money for my own travel to conferences, etc. Needless to say that nevertheless, on the nonfinancial level, I profited enourmously from the project.
International collaboration partners. Several names have been listed in the project
application, including possibly funding their visists by the project. Of those listed, Bendikov
has been a frequent guest as visiting professor and for shorter visits, Lenz came for a onemonth visiting professorship, and Kaimanovich also came as a visiting professor and as one
of the referees of Cuno’s PhD defense. Mohar could only come for a very short visit, and
Saloff-Coste was too busy as the chairman at Cornell to detach himself for coming to Graz.
(Both Kaimanovich and Saloff-Coste have been hosting project group members as guests or
PostDocs.) In any case, it was almost always possible to fund these guests from other
sources, so that my aim to use the project funding primarily for the salaries of young project
collaborators has remained intact throughout all years.
Doctoral Program “Discrete Mathematics”. Since 2010 we are running a big doctoral
program (“Doktoratskolleg” = DK) with substantial funding from the FWF. It unites colleagues
from TU Graz and the universities of Graz and Leoben in a kind of “excellence program” of
joint doctoral eductation. Our interpretation of “Discrete Mathematics” is a wide one, going
well beyond combinatorics, graph theory and computer science related topics. Our range
includes number theory, algebra, discrete geometry, fractals & dynamics, combinatorial
optimisation, random graphs and random processes. See
https://www.math.tugraz.at/discrete/ for all details. I am the speaker (= chief responsible) for
this program. It had of course an outreach on the present project, regarding the enhanced
scientific environment in general, and the fact that the project PhD students were attached to
that program: Cuno first as an internal DK student (funded completely by that source) and in
the final phase as an associated DK student (funded by the present project, but taking
advantage of the DK environment and activities), and Kloas as an associated DK student.
Also, after graduation Cuno was for more than half year part time coordinator of the DK. The
interplay between the DK and several other smaller research projects has been crucial for all
involved sides, including the present project.

4. Scientific project publications
At this point, the FWF guidelines say “Publications may only be listed if they relate directly to
the project”. The number of publications acknowledging support from this project is quite
high. But in view of my approach how to run such a project, it is hard to distinguish which
publications should or should not be directly related to the project. Of course, for example the
first paper of Georgakopoulos in the list (with Benjamini and Curien) was begun before the
project started, but concluded in Graz and is clearly part of the project substance. His
Inventiones paper was begun here, but terminated later. Cygan, while being funded by this
project, collaborated not only with myself, Bendikov, and Kloas, but also with other
colleagues from Wroclaw, and there neither was a good reason to block this work nor is there
a good reason why it should not be considered being related with the project. Similar
arguments apply to the work of D’Angeli, where indeed it was primarily his employment in
this project which opened for him the opportunties for very high research activities resulting
in an impressive number of good publications. And finally, as I explained above, I took hardly

any project money for my own travel purposes or similar – nevertheless, my own listed
publications are in my understanding project publications in every respect. In view of these
considerations, below I’m listing all publications which acknowledge project support.
1.1

Peer-reviewed publications / already published

All papers are openly accessible via at least one of DOI, article link, or arXiv
[1] I. Benjamini, N. Curien, A. Georgakopoulos: "The Liouville and the intersection properties
are equivalent for planar graphs", Electron. Commun. Probab. 17 (2012) 1-5.
arXiv:1203.4002
[2] G. Chacon, R. Colucci and D. D'Angeli: "Density of backward branches on the Julia set of
a semigroup", Sarajevo Journal of Mathematics 10 (2014) 77-87. DOI: 10.5644/SJM.10.1.10
[3] G. Chacon, R. Colucci and D. D'Angeli: "Recurrence analysis on Julia sets of semigroups
of complex polynomials", Journal of Applied Mathematics and Computing 46 (2014) 201-214.
DOI: 10.5644/SJM.10.1.10
[4] D. D'Angeli: "Schreier graphs of an extended version of the binary adding machine",
Electronic Journal of Combinatorics 21 (2014), no. 4, paper 4.20. Link to journal article.
[5] A. Bendikov, L. Saloff-Coste, M. Salvatori and W. Woess: "Brownian motion on treebolic
space: escape to infinity", Revista Matematica Iberoamericana 31 (2015) 935–976.
DOI: 10.4171/RMI/859, arXiv:1212.6151
[6] A. Georgakopoulos: "The boundary of a square tiling of a graph coincides with the
Poisson boundary", Inventiones Math. 203 (2016) 773-821.
DOI: 10.1007/s00222-015-0601-0, arXiv:1301.1506
[7] A. Georgakopoulos, S. Wagner: "Hitting times, cover cost, and the Wiener index of a
tree", Journal of Graph Theory 84 (2017) 311–326. DOI: 10.1002/jgt.22029, arXiv:1302.3212
[8] A. Bendikov, A. Grigor'yan, Ch. Pittet and W. Woess: "Isotropic Markov semigroups on
ultra-metric spaces", Uspekhi Mat. Nauk 69 (2014) No. 4 (418), 3-102 (Russian version).
English original in Russian Math. Surveys 69 (2014) No. 4, 589-680.
DOI: 10.1070/RM2014v069n04ABEH004907, arXiv:1304.6271
[9] J. Parkinson and W. Woess: "Regular sequences and random walks in affine buildings",
Ann. Institut Fourier (Grenoble) 65 (2015) 675-707. DOI: 10.5802/aif.2941, arXiv:1308.5120
[10] A. Georgakopoulos, S. Haeseler, M. Keller, D. Lenz, R. K. Wojciechowski: "Graphs of
finite measure", J. Math. Pures Appl. 103 (2015) 1093–1131.
DOI: 10.1016/j.matpur.2014.10.006, arXiv:1309.3501
[11] D. D'Angeli and E. Rodaro: "Groups and semigroups sdefined by colorings of
synchronizing automata", Internat.l Journal of Algebra and Computation 46 (2014) 201-214.
DOI: 10.1142/S0218196714500337, arXiv:1310.5242
[12] D. D'Angeli and E. Rodaro: "A geometric approach to (semi)groups defined by automata
via dual transducers", Geometriae Dedicata 174 (2015) 375-400.
DOI: 10.1007/s10711-014-0024-x, arXiv:1403.1722

[13] D. D'Angeli, E. Sava-Huss and A. Donno: "Connectedness and isomorphism problems of
the zig-zag product of graphs", Journal of Graph Theory 83 (2016), 120-151.
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[14] D. D'Angeli and E. Rodaro: "Freeness of automata groups vs boundary dynamics",
Journal of Algebra 462 (2016) 115–136. arXiv:1410.6097
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[16] W. Huss, S. Müller, E. Sava-Huss: "Rotor-routing on Galton-Watson trees", Electronic
Communications in Probability 20 (2015); 1-12. DOI: 10.1214/ECP.v20-4000,
arXiv:1412.5330
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