RANDOM WALKS ON INFINITE GRAPHS AND GROUPS

Wolfgang WOESS

The following pages contain the table of contents, preface, acknowledgements and bibliography of my book.

iv

CONTENTS

Preface viii

Chapter I. The type problem 1 1. Basic facts 1 A. Pólya’s walk 1 B. Irreducible Markov chains 2 C. Random walks on graphs 7 D. Trees 9 E. Random walks on finitely generated groups 10 F. Locally finite graphs and topological groups 12 2. Recurrence and transience of infinite networks 14 A. Reversible Markov chains 14 B. Flows, capacity, and Nash-Williams’ criterion 18 C. Comparison with non-reversible Markov chains 23 3. Applications to random walks 25 A. Comparison theorems for random walks on graphs 25 B. Growth and the classification of recurrent groups 30 C. Random walks on quasi-transitive graphs 36 4. Isoperimetric inequalities 39 A. Isoperimetric and Sobolev inequalities 39 B. Cartesian products 43 C. Isoperimetric inequalities and growth 45 5. Transient subtrees, and the classification of the recurrent quasi-transitive graphs 49 A. Transient subtrees 49 B. Transient subtrees in quasi-transitive graphs 54 6. More on recurrence 56 A. Generalized lattices 56 B. More on trees 62 C. Extremal length and plane tilings 67 D. Circle packings and random walks 71 Notes and remarks 77

Chapter II. The spectral radius 81 7. Superharmonic functions and ρ-recurrence 81 A. The spectral radius and superharmonic functions 81 B. ρ-Recurrence 82 8. The spectral radius, the rate of escape, and generalized lattices 84 A. The rate of escape 84 B. Application to generalized lattices 88

9. Computing the Green function 93 A. Singularities of the Green function 93 B. A functional equation 98 C. Free products 101 10. The spectral radius and strong isoperimetric

inequalities 110 A. The spectral radius of reversible Markov chains 110 B. Application to random walks on graphs 112 C. Examples: trees, strongly ramified graphs, and tilings 114 11. A lower bound for simple random walks 118 12. The spectral radius and amenability 123 A. Amenable groups 123 B. Automorphism groups and the spectral radius 125 C. Some explicit computations 129 Notes and remarks 136

Chapter III. The asymptotic behaviour of transition probabilities 139 13. The local central limit theorem on the grid 139 14. Growth, isoperimetric inequalities, and the asymptotic type of random walk 145 A. Upper bounds and Nash inequalities 146 B. Gaussian upper bounds 152 C. Lower bounds 157 15. The asymptotic type of random walks on amenable groups 160 A. Comparison and stability of asymptotic type on groups 160 B. Polycyclic groups 164 C. The solvable Baumslag–Solitar groups 168 D. Random walks on lamplighter groups 169 16. Simple random walks on the Sierpiński graphs 171 A. Stopping times and an equation for the Green function 172 B. Singularity analysis 176 17. Local limit theorems on free products 181 A. The typical case: n^{−3/2} 183 B. Instability of the exponent 189 18. Intermezzo: Cartesian products 195 19. Free groups and homogeneous trees 199 A. Space-time asymptotics for aperiodic simple random walks on T_M 199 B. Finite range random walks on free groups 205 C. Radial random walks on the homogeneous tree 213 Notes and remarks 216 Chapter IV. An introduction to topological boundary theory 220 20. A probabilistic approach to the Dirichlet problem, and a class of compactifications 220 A. The Dirichlet problem and convergence to the boundary 220 B. Compactifications with “hyperbolic” properties 224 21. Ends of graphs and the Dirichlet problem 230 A. The transitive case 232 B. Geometric adaptedness conditions 239 22. Hyperbolic graphs and groups 242 23. The Dirichlet problem for circle packing graphs 252 24. The construction of the Martin boundary 256 25. Generalized lattices, Abelian and nilpotent groups, and graphs with polynomial growth 262 A. Exponentials and extended exponentials 262 B. The Martin compactification of random walks on the grid 268 26. Trees, ends, and free products 275 A. Thin ends and trees 277 B. Free products 283 27. The Martin boundary of hyperbolic graphs 288 28. Cartesian products 297 A. Minimal harmonic functions on Cartesian

products 297 B. The Martin compactification of T × Z 301 Notes and remarks 309 Acknowledgments 315 Bibliography 316 Index 331

PREFACE

“Random walks” is a topic situated somewhere in between probability, potential theory, harmonic analysis, geometry, graph theory, and algebra. The beauty of the subject stems from this linkage, both in the way of thinking and in the methods employed, of different fields.

Let me briefly declare what - in my viewpoint - random walks are. These are time-homogeneous Markov chains whose transition probabilities are in some way (to be specified more precisely in each case) adapted to a given structure of the underlying state space. This structure may be geometric or algebraic; here it will be discrete and infinite. Typically, we shall use locally finite graphs to view the structure. This also includes groups via their Cayley graphs. From the probabilistic viewpoint, the question is what impact the particular type of structure has on various aspects of the behaviour of the random walk, such as transience/recurrence, decay and asymptotic behaviour of transition probabilities, rate of escape, convergence to a boundary at infinity and harmonic functions. Vice versa, random walks may also be seen as a nice tool for classifying, or at least describing the structure of graphs, groups and related objects.

Of course, random walks on finite graphs and groups are a fascinating topic as well, and have had an enormous renaissance in the last decade: a book written by two major experts, D. Aldous and J. Fill, is about to appear.

Some might object that any countable Markov chain may be viewed on a directed graph, so that our notion of random walks coincides with arbitrary Markov chains. However, our point of view is reversed: what we have in mind is to start with a graph, group, etc., and investigate the interplay between the behaviour of random walks on these objects on one hand and properties of the underlying structure itself on the other.

Historically, I believe that this spirit of approaching the theory of random walks on infinite graphs has its roots in the 1921 paper by Pólya [269], whose nice title - translated into English - is “On an exercise in probability concerning the random walk in the road network”. There, Pólya shows that simple random walk in the two-dimensional Euclidean grid is recurrent, while it is transient in higher dimensions. This change of behaviour between plane and space provided inspiration for much further work. However, it took 38 years until what I (personal opinion !) consider the next “milestones”. In 1959, Nash-Williams published his paper “Random walks and electric currents in networks” [245], the first to link recurrence and structural properties of networks (i.e., reversible Markov chains). This paper - not written in the style of the mainstream of mathematics at that time - remained more or less forgotten until the 80s, when it was rediscovered by T. Lyons, Doyle and Snell, Gerl, and others. The second 1959 milestone was

Kesten’s “Symmetric random walks on groups” [198], founding the theory of random walks on (infinite) groups and also opening the door from random walks to amenability and other topics of harmonic and spectral analysis.

Another direct line of extension of Pólya’s result is to consider sums of i.i.d. random variables taking their values in Z^d - this was done to perfection in Spitzer’s beautiful “Principles of Random walk” [307] (first edition in 1964), which is still the most authoritative and elegant source available. Spitzer’s book also contains a considerable amount of potential theory. Note that Markov chains and discrete potential theory were born more or less simultaneously (while classical potential theory had already been very well developed before its connection with Brownian motion was revealed, and one still encounters analysts who deeply mistrust the so-called probabilistic proofs of results in potential theory - probably they believe that the proofs themselves hold only almost surely). Although not being directly concerned with the type of structural considerations that are inherent to random walks, I consider the third 1959 milestone to be Doob’s “Discrete potential theory and boundaries” [101]. In the sixties, potential and boundary theory of denumerable Markov chains had a strong impetus promoted by Doob, Hunt, Kemeny, Snell, Knapp and others, before being somewhat “buried” under the burden of abstract potential theory. Doob’s article immediately led to considerations in the same spirit that we have in mind here, the next milestone being the note of 1961 by Dynkin and Malyutov [111]. This contains the first structural description of the Martin boundary of a class of random walks and is also - together with Kesten [198] - the first paper where one finds the principal ingredients for computations regarding nearest neighbour random walks on free groups and homogeneous trees. Indeed, it is amusing to see how many people have been redoing these computations for trees in the belief of being the first to do so.

It was in a paper on boundaries that Kesten [201] indicated a problem which then became known as “Kesten’s conjecture”: classify those (finitely generated) groups which carry a recurrent random walk, the conjecture (not stated explicitly by Kesten) being that such a group must grow polynomially with degree at most two. It is noteworthy that the analogous problem was first settled in the 70s for connected Lie groups, see Baldi [17]. The Lie case is not easier, but there were more analytical and structural tools available at the time. The solution in the discrete case became possible by Gromov’s celebrated classification of groups with polynomial growth [149] and was carried out in a remarkable series of papers by Varopoulos, who gave the final answer in [325]. In the 80s, random walks on graphs have been repopularized, owing much to the beautiful little book by Doyle and Snell [103]. However, this discussion of selected “milestones” is bringing me too close to the present, with many of the actors still on stage and the future to judge. Other important work from the late 50s and the 60s should also be mentioned here, such as that of Choquet and Deny [74] and - in particular - Furstenberg [124].

Let me return from this “historical” excursion. This book grew out of a long survey paper that I published in 1994 [348]. It is organized in a similar way, although here, less material is covered in more detail.

Each of the four chapters is built around one specific type of question concerning the behaviour of random walks, and answers to this question are then presented for various different structures, such as integer lattices, trees, free groups, plane tilings, Gromov-hyperbolic graphs, and so on. At the beginning, I briefly considered using the “orthogonal” approach, namely to order by types of structures, for example, saying first “everything” about random walks on integer lattices, then nilpotent groups and graphs with polynomial growth, trees, hyperbolic graphs, and so on. Some thought convinced me that this was not feasible. Thus, the same classes of structures will be encountered several times in this book. For example, the reader who is interested in results concerning random walks and trees will find these in paragraphs/sections 1.D, 5, 6.B, 10.C, 12.C, 19, 21.A and 26.A, tilings and circle packings are considered in 6.C-D, 10.C and 23, and the integer grids and their generalizations appear in 1.A, 6.A, 8.B, 13 and 25. Regarding the latter, I obviously did not aim at an exposition as complete as that of Spitzer had been in its time. Most likely, every reader will find a favorite among the topics in random walk theory that are not covered here (such as random walks on direct limits of finite groups, ratio limit theorems, or random walks in random environment).

A short word on notation. Instead of using further exotic alphabets, I decided not to reserve a different symbol for each different object. For example, the symbol Φ has different meanings in Sections 6, 9 and 12, and this should be clear from the context.

I started writing this book at the beginning of 1995 (one chapter per year). Thus, Chapter I is the oldest one among the material presented here, and so on. I decided not to make a complete updating of this material to the state of the art of today (1999) - otherwise I could never stop writing. In particular, the 90s saw the emergence of a new, very strong group of random walkers (and beyond) in Israel and the US (I. Benjamini, R. Lyons, Y. Peres, O. Schramm, ...) whose work is somewhat underrepresented here by this reason. On the other hand (serving as an excuse for me), two of them (Lyons and Peres) are currently writing their own book on “Probability on Trees and Networks” that can be expected to be quite exciting.

Many mathematical monographs of today start with two claims. One is to be self-contained. This book is not self-contained by the nature of its topic. The other claim is to be usable for graduate students. It has been my experience that usually, this must be taken with caution and is mostly true only in the presence of a guiding hand that is acquainted with the topic. I think that this is true here as well. Proofs are sometimes a bit condensed, and it may be that even readers above the student level will need pen and paper when they want to work through them seriously - in particular because of the variety of different methods and techniques that I have tried to unite in this text. This does not mean that parts of this book could not be used for graduate or even undergraduate courses. Indeed, I have taught parts of this material on several occasions, and at various levels.

Anyone who has written a book will have experienced the mysterious fact that a text of finite length may contain an infinity of misprints and mistakes, which apparently were not there during your careful proof-reading. In this sense, I beg excuse for all those flaws whose mysterious future appearance is certain.

In conclusion, let me say that I have learned a lot in working on this book, and also had fun, and I hope that this fun will “infect” some of the readers too.

Milano, July 1999 W.W.

Acknowledgments are due to many persons who have read through parts of the first versions of the four chapters, suggested better proofs, pointed out errors and/or misprints, references, and so on. Here is a list – I hope I did not forget anybody: Martine Babillot, Daniela Bertacchi, Donald Cartwright, Tullio Ceccherini-Silberstein, Thierry Coulhon, Manfred Einsiedler, Peter Grabner, Pierre de la Harpe, Vadim Kaimanovich, Russ Lyons, Röggi Möller, Yuval Peres, Nicolò Pintacuda, Laurent Saloff-Coste, Maura Salvatori, Klaus Schiefermayr, Oded Schramm, Mao Soardi, Ken Stephenson, Tatiana Nagnibeda, Fabio Zucca.

Book writing requires extended periods of undisturbed concentration, not like in everyday life at university, when students and colleagues knock at your door every other moment, exams have to be prepared, supervised and corrected, you have to attend numerous meetings, feed the bureaucrats with forms and reports, and teaching is the least disturbance. As a consequence, book writing is most efficient when you can flee from your own institute and go as a guest to a distant university, where all this does not occur (to you). I am therefore most grateful to the various institutions that I could visit for longer periods during recent years, and where about two thirds of this book were written: the Departments/Institutes of Mathematics at Universität Salzburg, Université de Rennes, Technische Universität Graz, Universität Linz, and in particular Universität Wien (with special thanks to Harald Rindler).

At the same time, I am also most grateful to the Department of Mathematics at my university in Milan, Italy, who gave me the freedom to go abroad several times, in particular for a whole semester in the final phase.

I thank Peter Gerl, who more than 20 years ago introduced me to the beautiful subject of random walks.

Finally, a special acknowledgment goes to Bélá Bollobas, who became “guilty” of giving rise to this book in 1994, when he came to Milan for a short visit before Easter and told me, “Wolfgang, I should have spoken with you ages ago. You should write a book on random walks.”

BIBLIOGRAPHY

[1] Adyan, S. I.: Random walks on free periodic groups, Math. USSR Izv. 21 (1983), 425–434.

[2] Alexopoulos, G.: A lower estimate for central probabilities on polycyclic groups, Canadian J. Math. 44 (1992), 897–910.

[3] Amghibech, S.: Criteria of regularity at the end of a tree, Séminaire de Probabilités XXXII, Lecture Notes in Math. 1686, Springer, Berlin, 1998, pp. 128–136.

[4] Ancona, A.: Negatively curved manifolds, elliptic operators, and the Martin boundary, Ann. Math. 125 (1987), 495–536.

[5] Ancona, A.: Positive harmonic functions and hyperbolicity, Potential Theory, Surveys and Problems (eds. J. Král et al.), Lecture Notes in Math. 1344, Springer, Berlin, 1988, pp. 1–23.

[6] Ancona, A.: Théorie du potentiel sur les graphes et les variétés, École d’Été de Probabilités de Saint-Flour XVIII – 1988 (ed. P. L. Hennequin), Lecture Notes in Math. 1427, Springer, Berlin, 1990, pp. 4–112.

[7] Andrews, G.: The Theory of Partitions, Addison-Wesley, Reading, Massachusetts, 1976.

[8] Aomoto, K.: Spectral theory on a free group and algebraic curves, J. Fac. Sci. Univ.

Tokyo, Sect. I A 31 (1984), 297–317.

[9] Avez, A.: Entropie des groupes de type fini, C. R. Acad. Sci. Paris, Série A 275 (1972), 1363–1366.

[10] Avez, A.: Limite de quotients pour des marches aléatoires sur des groupes, C. R.

Acad. Sci. Paris, Série A 276 (1973), 317–320.

[11] Avez, A.: Thórème de Choquet–Deny pour les groupes à croissance non exponentielle, C. R. Acad. Sci. Paris, Série A 279 (1974), 25–28.

[12] Babai, L.: Automorphism groups, isomorphism, reconstruction, Handbook of Combinatorics, Chapter 27 (eds. R. L. Graham, M. Grötschel, L. Lovasz), North-Holland – Elsevier, Amsterdam, 1995, pp. 1447–1540.

[13] Babai, L.: The growth rate of vertex-transitive planar graphs, Proc. 8th Ann. Symp.

on Discrete Algorithms, ACM–SIAM, New Orleans, 1997, pp. 564–573. [14] Babillot, M.: Le noyau potentiel des chaines semi-Markoviennes. Applications à l’étude du renouvellement des marches aléatoires, Thèse 3^{ème} cycle, Univ. Paris VII, 1985.

[15] Babillot, M.: Théorie du renouvellement pour des chaines semi-markoviennes transientes, Ann. Inst. H. Poincaré Probab. Statist. 24 (1988), 507–569.

[16] Babillot, M.: Applications du renouvellement multi-dimensionel en géométrie et en systèmes dynamiques, Thèse d’habilitation, Univ. Paris VI, 1997.

[17] Baldi, P.: Caractérisation des groupes de Lie connexes récurrents, Ann. Inst. H.

Poincaré Probab. Statist. 17 (1981), 281–308.

[18] Baldi, P., Lohué, N., and Peyrière, J.: Sur la classification des groupes récurrents, C.

R. Acad. Sci. Paris, Série A 285 (1977), 1103–1104.

[19] Ballmann, W.: On the Dirichlet problem at infinity for manifolds of nonpositive curvature, Forum Math. 1 (1989), 201–213.

[20] Ballmann, W.: Lectures on Spaces of Nonpositive Curvature, DMV Seminar 25, Birkhäuser, Basel, 1995.

[21] Ballmann, W., and Ledrappier, F.: Discretization of positive harmonic functions on Riemannian manifolds and Martin boundary, Actes de la Table Ronde de Géométrie Differentielle (Luminy, 1992), Semin. Congr. 1, Soc. Math. France, Paris, 1996, pp. 77–92.

[22] Barlow, M. T., and Bass, R. F.: Brownian motion and harmonic analysis on Sierpiński carpets, in press, Canadian J. Math.

[23] Barlow, M. T., and Bass, R. F.: Random walks on graphical Sierpiński carpets, in press, Symposia Math.

[24] Barlow, M. T., and Perkins, E. A.: Brownian motion on the Sierpiński gasket, Probab.

Th. Rel. Fields 79 (1988), 543–623.

[25] Bartholdi, L., and Ceccherini-Silberstein, T.: Growth series and random walks on some hyperbolic graphs, preprint, Univ. Genève (1997).

[26] Bartholdi, L., Cantat, S., Ceccherini-Silberstein, T., de la Harpe, P.: Estimates for simple random walks on fundamental groups of surfaces, Colloquium Math. 72 (1997), 173–193.

[27] Bass, H.: The degree of polynomial growth of finitely generated groups, Proc. London Math. Soc. 25 (1972), 603–614.

[28] Beardon, A. F.: The Geometry of Discrete Groups, Springer, New York, 1983. [29] Beardon, A. F.: Iteration of Rational Functions, Springer, Berlin, 1991. [30] Beardon, A., and Stephenson, K.: The uniformization theorem for circle packings, Indiana Univ. Math. J. 39 (1990), 1383–1425.

[31] Benakli, N.:: Polyedres hyperboliques, passage du local au global, Thèse 3^{ème} cycle, Univ. Paris-Sud (Orsay), 1992.

[32] Bender, E. A., and Richmond, L. B.: Correlated random walks, Ann. Probab. 12 (1984), 274–278.

[33] Benjamini, I.: Instability of the Liouville property for quasi-isometric graphs and manifolds of polynomial volume growth, J. Theoret. Probab. 4 (1991), 631–637.

[34] Benjamini, I., Chavel, I., and Feldman, E. A.: Heat kernel lower bounds on Riemannian manifolds using the old ideas of Nash, Proc. London Math. Soc. 72 (1996), 215–240.

[35] Benjamini, I., Lyons, R., Peres, Y., and Schramm, O.: Uniform spanning forests, preprint, Weizmann Institute (1998).

[36] Benjamini, I., and Peres, Y.: Random walks on a tree and capacity in the interval, Ann. Inst. H. Poincaré Probab. Statist. 28 (1992), 557–592.

[37] Benjamini, I., and Schramm, O.: Harmonic functions on planar and almost planar graphs and manifolds, via circle packings, Invent. Math. 126 (1996), 565–587.

[38] Benjamini, I., and Schramm, O.: Random walks and harmonic functions on infinite planar graphs, using square tilings, Ann. Probab. 24 (1996), 1219–1238.

[39] Benjamini, I., and Schramm, O.: Every graph with a positive Cheeger constant contains a tree with a positive Cheeger constant, GAFA 7 (1997), 403–419.

[40] Bennett, C., and Sharpley, R.: Interpolation of Operators, Academic Press, Boston, Massachusetts, 1988.

[41] Berg, C., and Christensen, J.P.R.: On the relation between amenability of locally compact groups and the norms of convolution operators, Math. Ann. 208 (1974), 149–153.

[42] Berg, C., and Christensen, J.P.R.: Sur la norme des opérateurs de convolution, Invent.

Math. 23 (1974), 173–178.

[43] Biggs, N. L., Mohar, B., and Shawe-Taylor, J.: The spectral radius of infinite graphs, Bull. London Math. Soc. 20 (1988), 116–120.

[44] Blackwell, D.: Extension of a renewal theorem, Pacific J. Math. 3 (1953), 315–320. [45] Blackwell, D.: On transient Markov processes with a countable number of states and stationary transition probabilities, Ann. Math. Statist. 26 (1955), 654–658.

[46] Bowditch, B.: Notes on Gromov’s hyperbolicity criterion for path-metric spaces, Group Theory from a Geometrical Viewpoint (eds. E. Ghys, A. Haefliger, A. Verjovsky), World Scientific, Singapore, 1991, pp. 64–167.

[47] Bowers, P. L.: Negatively curved graph and planar metrics with applications to type, Michigan Math. J. 45 (1998), 31–53.

[48] Brown, K. S.: Buildings, Springer, Berlin, 1989.

[49] Calogero, A.: Strong isoperimetric inequality for the edge graph of a tiling of the plane, Arch. Math. 61 (1993), 584–595.

[50] Cannon, J. W.: The theory of negatively curved spaces and groups, Ergodic Theory, Symbolic Dynamics and Hyperbolic Spaces (eds. T. Bedford, M. Keane, C. Series), Oxford Univ. Press, Oxford, 1991, pp. 315–369.

[51] Carlen, E., Kusuoka, S., and Stroock, D.: Upper bounds for symmetric transition functions, Ann. Inst. H. Poincaré Probab. Statist. 23 (1987), 245–287.

[52] Carne, T. K.: A transmutation formula for Markov chains, Bull. Sci. Math. 109 (1985), 399–405.

[53] Cartier, P.: Fonctions harmoniques sur un arbre, Symposia Math. 9 (1972), 203–270. [54] Cartier, P.: Géométrie et analyse sur les arbres, Séminaire Bourbaki 24, Lecture Notes in Math. 317, Springer, Berlin, 1973, pp. 123–140.

[55] Cartier, P.: Harmonic analysis on trees, Proc. Symp. Pure Math. Amer. Math. Soc.

26 (1973), 419–424.

[56] Cartwright, D. I.: Some examples of random walks on free products of discrete groups, Ann. Mat. Pura Appl. 151 (1988), 1–15.

[57] Cartwright, D. I.: On the asymptotic behaviour of convolution powers of probabilities on discrete groups, Monatsh. Math. 107 (1989), 287–290.

[58] Cartwright, D. I.: Singularities of the Green function of a random walk on a discrete group, Monatsh. Math. 113 (1992), 183–188.

[59] Cartwright, D. I., Kaimanovich, V. A., and Woess, W.: Random walks on the affine group of local fields and of homogeneous trees, Ann. Inst. Fourier (Grenoble) 44 (1994), 1243–1288.

[60] Cartwright, D. I., and Młotkowski, W.: Harmonic analysis for groups acting on triangle buildings, J. Austral. Math. Soc. 56 (1994), 345–383.

[61] Cartwright, D. I., and Sawyer, S.: The Martin boundary for general isotropic random walks in a tree, J. Theoret. Probab. 4 (1991), 111–136.

[62] Cartwright, D. I., and Soardi, P. M.: Harmonic analysis on the free product of two cyclic groups, J. Funct. Anal. 65 (1986), 163–180.

[63] Cartwright, D. I., and Soardi, P. M.: Random walks on free products, quotients, and amalgams, Nagoya Math. J. 102 (1986), 163–180.

[64] Cartwright, D. I., and Soardi, P. M.: A local limit theorem for random walks on the Cartesian product of discrete groups, Boll. Un. Mat. Ital. 1-A (1987), 107–115.

[65] Cartwright, D. I., and Soardi, P. M.: Convergence to ends for random walks on the automorphism group of a tree, Proc. Amer. Math. Soc. 107 (1989), 817–823.

[66] Cartwright, D. I., Soardi, P. M., and Woess, W.: Martin and end compactifications of non locally finite graphs, Trans. Amer. Math. Soc 338 (1993), 679–693.

[67] Cassels, J. W. S.: Local Fields, Cambridge Univ. Press, Cambridge, 1986. [68] Cassi, D.: Phase transitions and random walks on graphs: a generalization of the Mermin–Wagner theorem to disordered lattices, fractals, and other discrete structures, Phys. Rev. Lett. 68 (1992), 3621–3634.

[69] Cassi, D., and Regina, S.: Dynamical phase transitions on comb lattices, Modern Phys. Lett. B 6 (1992), 1887–1891.

[70] Cheeger, J.: A lower bound for the lowest eigenvalue of the Laplacian, Problems in Analysis, a Symposium in Honour of Salomon Bochner (ed. R. C. Gunning), Princeton University Press, Princeton, New Jersey, 1970, pp. 195–199.

[71] Chen, M. F.: Comparison theorems for Green functions of Markov chains, Chinese

Ann. Math. 3 (1991), 237–242.

[72] Cherix, P. A., and Valette, A.: On spectra of simple random walks on one-relator groups, Pacific J. Math. 175 (1996), 417–438.

[73] Chihara, T. S.: An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978.

[74] Choquet, G., and Deny, J.: Sur l’équation de convolution μ = μ ∗ σ, C. R. Acad. Sci.

Paris 250 (1960), 799–801.

[75] Chung, K. L.: Markov Chains with Stationary Transition Probabilities, Springer, Berlin, 1960.

[76] Chung, K. L., and Fuchs, W. H. J.: On the distribution of values of sums of random variables, Mem. Amer. Math. Soc. 6 (1951).

[77] Chung, K. L., and Ornstein, D.: On the recurrence of sums of random variables, Bull.

Amer. Math. Soc. 68 (1962), 30–32.

[78] Coornaert, M., Delzant, T., Papadopoulos, A.: Géométrie et théorie des groupes: les groupes hyperboliques de Gromov, Lecture Notes in Math. 1441, Springer, Berlin, 1990.

[79] Coulhon, T.: Ultracontractivity and Nash type inequalities, J. Funct. Anal. 141 (1996), 510–539.

[80] Coulhon, T.: Analysis on infinite graphs with regular volume growth, in press, Symposia Math.

[81] Coulhon, T., and Grigor’yan, A.: On-diagonal lower bounds for heat kernels and Markov chains, Duke Math. J. 89 (1997), 133–199.

[82] Coulhon, T., and Grigor’yan, A.: Random walks on graphs with regular volume growth, GAFA 8 (1998), 656–701.

[83] Coulhon, T., and Ledoux, M.: Isopérimétrie, décroissance du noyau del la chaleur et transformations de Riesz: un contre-exemple, Ark. Mat. 32 (1994), 63–77.

[84] Coulhon, T., and Saloff-Coste, L.: Marches aléatoires non symmetriques sur les groupes unimodulaires, C. R. Acad. Sci. Paris, Série I 310 (1990), 627–630.

[85] Coulhon, T., and Saloff-Coste, L.: Puissances d’un opérateur régularisant, Ann. Inst.

H. Poincaré Probab. Statist. 26 (1990), 419–436.

[86] Coulhon, T., and Saloff-Coste, L.: Isopérimétrie sur les groupes et les variétés, Rev.

Mat. Iberoamericana 9 (1993), 293–314.

[87] Crotti, S.: La frontiera di Martin del prodotto Cartesiano di un albero e di una retta, Tesi di Laurea (Master’s Thesis), Univ. Milano.

[88] Day, M. M.: Convolutions, means and spectra, Illinois J. Math. 8 (1964), 100–111. [89] DeBaun, D. R, 1984: L^2-cohomology of noncompact surfaces, Trans. Amer. Math.

Soc. 284 (1984), 543–565.

[90] Delmotte, T.: Estimations pour les chaines de Markov réversibles, C. R. Acad. Sci.

Paris, Série I 324 (1997), 1053–1058.

[91] Delmotte, T.: Parabolic Harnack inequality and estimates of Markov chains on graphs, Rev. Mat. Iberoamericana 15 (1999), 181–132.

[92] Denker, M., and Sato, H.: Sierpiński gasket as a Martin boundary, in press, J.

Potential Anal.

[93] Derriennic, Y.: Marche aléatoire sur le groupe libre et frontière de Martin, Z. Wahrscheinlichkeitsth. verw. Geb. 32 (1975), 261–276.

[94] Derriennic, Y.: Quelques applications du théorème ergodique sous-additif, Astérisque 74 (1980), 183–201.

[95] Derriennic, Y., and Guivarc’h, Y.: Théorème de renouvellement pour les groupes non moyennables, C. R. Acad. Sci. Paris, Série A 277 (1973), 613–615.

[96] Dicks, W., and Dunwoody, M. J.: Groups Acting on Graphs, Cambridge Univ. Press,

Cambridge, 1989.

[97] Dimca, A.: Topics on Real and Complex Singularities, Vieweg, Braunschweig, Germany, 1977.

[98] Dodziuk, J.: Difference equations, isoperimetric inequality, and transience of certain random walks, Trans. Amer. Math. Soc. 284 (1984), 787–794.

[99] Dodziuk, J., and Kendall, W. S.: Combinatorial Laplacians and isoperimetric inequality, From Local Times to Global Geometry, Control and Physics (ed. K. D. Elworthy), Pitman Res. Notes Math. Ser. 150, 1986, pp. 68–74.

[100] Donsker, M., and Varadhan, S.: On the number of distinct sites visited by a random walk, Comm. Pure Appl. Math. 32 (1979), 721–747.

[101] Doob, J. L.: Discrete potential theory and boundaries, J. Math. Mech. 8 (1959), 433–458.

[102] Doob, J. L., Snell, J. L., and Williamson, R. E.: Application of boundary theory to sums of independent random variables, Contributions to Probability and Statistics, Stanford Univ. Press, Stanford, California, 1960, pp. 182–197.

[103] Doyle, P. G., and Snell, J. L.: Random Walks and Electric Networks, The Carus Math. Monographs 22, Math. Association of America, 1984.

[104] van den Dries, L., and Wilkie, A. J.: On Gromov’s theorem concerning groups with polynomial growth and elementary logic, J. Algebra 89 (1984), 349–374.

[105] Dubejko, T.: Random walks on circle packings, Contemporary Math. 211 (1997), 169–182.

[106] Duffin, R. J.: The extremal length of a network, J. Math. Anal. Appl. 5 (1962), 200–215.

[107] Dunford, N., and Schwartz, J. T.: Linear Operators I–II, Interscience, New York, 1963.

[108] Dunwoody, M. J.: Accessibility and groups of cohomological dimension one, Proc.

London Math. Soc. 38 (1979), 193–215.

[109] Dunwoody, M. J.: Cutting up graphs, Combinatorica 2 (1982), 15–23. [110] Dynkin, E. B.: Boundary theory of Markov processes (the discrete case), Russian Math. Surveys 24 (1969), 1–42.

[111] Dynkin, E. B., and Malyutov, M. B.: Random walks on groups with a finite number of generators, Soviet Math. Doklady 2 (1961), 399–402.

[112] Efremovic, V. A.: The proximity geometry of Riemannian manifolds, Uspekhi Mat.

Nauk. 8 (1953), 189.

[113] Erickson, K. B.: The strong Liouville property for a class of random walks, Monatsh.

Math. 109 (1990), 237–246.

[114] Faraut, J., and Picardello, M. A.: The Plancherel measure for symmetric graphs, Annali Mat. Pura Appl. 138 (1984), 151–155.

[115] Figà-Talamanca, A., and Picardello, M. A.: Harmonic Analysis on Free Groups, Lect. Notes Pure Appl. Math. 87, Marcel Dekker, New York, 1983.

[116] Figà-Talamanca, A., and Steger, T.: Harmonic analysis for anisotropic random walks on homogeneous trees, Memoirs Amer. Math. Soc. 531 (1992).

[117] Flajolet, P., and Odlyzko, A. M.: Singularity analysis of generating functions, SIAM J. Discrete Math. 3 (1990), 216–240.

[118] Følner, E.: On groups with full Banach mean value, Math. Scand. 3 (1955), 243–254. [119] Ford, L. R., and Fulkerson, D. R.: Flows in Networks, Princeton Univ. Press, Princetion, New Jersey, 1962.

[120] Freire, A.: On the Martin boundary of Riemannian products, J. Diff. Geom. 33 (1991), 215–232.

[121] Freudenthal, H.: Über die Enden diskreter Räume und Gruppen, Comment. Math.

Helvet. 17 (1944), 1–38.

[122] Friedberg, R., and Martin, O.: Random walks on the Sierpiński gasket, J. Physique 47 (1986), 1661–1669.

[123] Fukushima, M.: Dirichlet Forms and Markov Processes, North-Holland, Amsterdam, 1980.

[124] Furstenberg, H.: Non commuting random products, Trans. Amer. Math. Soc. 108 (1963), 377–428.

[125] Furstenberg, H.: Intersections of Cantor sets and transversality of semigroups, Problems in Analysis, Symposium in Honour of Salomon Bochner (ed. R. C. Gunning), Princeton Univ. Press, Princeton, New Jersey, 1970, pp. 41–59.

[126] Furstenberg, H.: Random walks and discrete subgroups of Lie groups, Advances in Probability and Related Topics 1 (ed. P. Ney), M. Dekker, New York, 1971, pp. 1–63.

[127] Furstenberg, H.: Boundary theory and stochastic processes on homogeneous spaces, Proc. Symp. Pure Math. 26 (1973), 193–229.

[128] Furstenberg, H., and Kesten, H.: Products of random matrices, Ann. Math. Statist.

31 (1960), 457–469.

[129] Gehring, F. W., and Martin, G. J.: Discrete quasiconformal groups. I, Proc. London Math. Soc. 55 (1987), 331–358.

[130] Gerl, P.: Über die Anzahl der Darstellungen von Worten, Monatsh. Math. 75 (1971), 205–214.

[131] Gerl, P.: Irrfahrten auf F_2, Monatsh. Math. 84 (1977), 29–35. [132] Gerl, P.: Wahrscheinlichkeitsmaße auf diskreten Gruppen, Arch. Math. 31 (1978), 611–619.

[133] Gerl, P.: A local central limit theorem on some groups, The First Pannonian Symposium on Mathematical Statistics (eds. P. Révész et al.), Lecture Notes in Statist. 8, Springer, Berlin, 1981, pp. 73–82.

[134] Gerl, P.: Continued fraction methods for random walks on N and on trees, Probability Measures on Groups (ed. H. Heyer), Lecture Notes in Math. 1064, Springer, Berlin, 1984, pp. 131–146.

[135] Gerl, P.: Rekurrente und transiente Bäume, Séminaire Lotharingien de Combinatoire (IRMA Strasbourg) 10 (1984), 80–87.

[136] Gerl, P.: Random walks on graphs, Probability Measures on Groups VIII (ed. H.

Heyer), Lecture Notes in Math. 1210, Springer, Berlin, 1986, pp. 285–303. [137] Gerl, P.: Eine isoperimetrische Eigenschaft von Bäumen, Sitzungsber. Österr. Akad.

Wiss., Math.-naturw. Kl. 195 (1986), 49–52.

[138] Gerl, P.: Natural spanning trees of Z^d are recurrent, Discrete Math. 61 (1986), 333–336.

[139] Gerl, P.: Random walks on graphs with a strong isoperimetric inequality, J. Theoret.

Probab. 1 (1988), 171–187.

[140] Gerl, P., and Woess, W.: Local limits and harmonic functions for nonisotropic random walks on free groups, Probab. Th. Rel. Fields 71 (1986), 341–355.

[141] Geronimus, J.: On a set of polynomials, Ann. Math. 31 (1930), 681–686. [142] Ghys, E., and de la Harpe, P. (eds.): Sur les groupes hyperboliques d’après Mikhael Gromov, Progress in Math. 83, Birkhäuser, Basel, 1990.

[143] Goldman, J., and Rota, G.: The number of subspaces of a vector space, Recent Progress in Combinatorics (ed. W. Tutte), Academic Press, New York, 1969, pp. 75–83.

[144] Grabner, P. J., and Woess, W.: Functional iterations and periodic oscillations for simple random walk on the Sierpiński graph, Stochastic Proc. Appl. 69 (1997), 127–138.

[145] Greenleaf, F. P.: Invariant Means on Topological Groups, Van Nostrand, New York, 1969.

[146] Griffeath, D., and Liggett, T. M.: Critical phenomena for Spitzer’s reversible nearest particle systems, Ann. Probab. 10 (1982), 881–895.

[147] Grigorchuk, R.I.: The growth degrees of finitely generated groups and the theory of invariant means, Math. USSR Izv. 25 (1985), 259–300.

[148] Grigorchuk, R. I., and de la Harpe, P: On problems related to growth, entropy and spectrum in groups theory, J. Dynamical Control Syst. 3 (1997), 55–89.

[149] Gromov, M.: Groups of polynomial growth and expanding maps, Publ. Math. I.

H. E. S. 53 (1981), 53–73.

[150] Gromov, M.: Infinite groups as geometric objects, Proceedings Int. Congr. Math.

Warszawa 1983, Vol. 1, 1984, pp. 385–392.

[151] Gromov, M.: Hyperbolic groups, Essays in Group Theory (ed. S. M. Gersten), Math. Sci. Res. Inst. Publ. 8, Springer, New York, 1987, pp. 75–263.

[152] Grünbaum, B., and Shephard, G. C.: Tilings and Patterns, Freeman, New York, 1987.

[153] Guivarc’h, Y.: Groupes de Lie à croissance polynomiale, C. R. Acad. Sci. Paris 271 (1970), 237–239.

[154] Guivarc’h, Y.: Croissance polynomiale et périodes des fonctions harmoniques, Bull.

Soc. Math. France 101 (1973), 333-379.

[155] Guivarc’h, Y.: Théorèmes quotients pour les marches aléatoires, Astérisque 74 (1980), 15–28.

[156] Guivarc’h, Y.: Sur la loi des grands nombres et le rayon spectral d’une marche aléatoire, Astérisque 74 (1980), 47–98.

[157] Guivarc’h, Y.: Application d’un théorème limite local à la transience et à la récurrence de marches de Markov, Colloque de Théorie du Potentiel – Jacques Deny (Orsay 1983), Lecture Notes in Math. 1096, Springer, Berlin, 1984, pp. 301–332.

[158] Guivarc’h, Y. (collaboration with J. C. Taylor and L. Ji): Compactifications of symmetric spaces and positive eigenfunctions of the Laplacian, Institut de Recherches Mathématiques de Rennes Publ., Fascicule de Probabilités (1994).

[159] Guivarc’h, Y., Ji, L., and Taylor, J. C.: Compactifications of Symmetric Spaces, Progress in Mathematics 156, Birkhäuser, Boston, Massachusetts, 1998.

[160] Guivarc’h, Y., and Taylor, J. C.: The Martin compactification of the polydisc at the bottom of the spectrum, Colloquium Math. 50/51 (1990), 537–546.

[161] Gutkin, E.: Green’s functions of free products of operators, with applications to graph spectra and to random walks, Nagoya Math. J. 149, 93–116.

[162] Halin, R.: Über unendliche Wege in Graphen, Math. Ann. 157 (1964), 125–137. [163] Halin, R.: Die Maximalzahl zweiseitig unendlicher Wege in Graphen, Math. Nachr.

44 (1970), 119–127.

[164] Halin, R.: Automorphisms and endomorphisms of infinite locally finite graphs, Abh.

Math. Sem. Univ. Hamburg 39 (1973), 251–283.

[165] Hammersley, J. M.: Markovian walks on crystals, Compositio Math. 11 (1953), 171–186.

[166] de la Harpe, P., Robertson, A. G., and Valette, A.: On the spectrum of the sum of generators of a finitely generated group, Israel J. Math. 81 (1993), 65–96.

[167] de la Harpe, P., Robertson, A. G., and Valette, A.: On the spectrum of the sum of generators of a finitely generated group, II, Colloquium Math. 65 (1993), 87–102.

[168] He, Z.-X., and Schramm, O.: Fixed points, Koebe uniformization and circle packings, Ann. Math. 137 (1993), 369–406.

[169] He, Z.-X., and Schramm, O.: Hyperbolic and parabolic packings, Discrete Comput.

Geom. 14 (1995), 123–149.

[170] Hebisch, W., and Saloff-Coste, L.: Gaussian estimates for Markov chains and random walks on groups, Ann. Probab. 21 (1993), 673–709.

[171] Hennequin, P. L.: Processus de Markoff en cascade, Ann. Inst. H. Poincaré 18 (1963), 109–196.

[172] Hewitt, E., and Ross, K. A.: Abstract Harmonic Analysis I, Springer, Berlin, 1963. [173] Hille, E.: Analytic Function Theory, vols. I–II, Chelsea Publ. Comp., New York, 1962.

[174] Hopf, H.: Enden offener Räume und unendliche diskontinuierliche Gruppen, Comment. Math. Helvet. 16 (1943), 81–100.

[175] Hörmander, L.: The Analysis of Linear Partial Differential Operators I. 2nd ed., Springer, Berlin, 1990.

[176] Horn, R., and Johnson, Ch. A.: Matrix Analysis, Cambridge Univ. Press, Cambridge, 1985.

[177] Hughes, B. D.: Random Walks and Random Environments, Volume 1: Random Walks, Clarendon Press, Oxford, 1995.

[178] Hunt, G. A.: Markoff chains and Martin boundaries, Illinois J. Math. 4 (1960), 313–340.

[179] Imrich, W., and Seifter, N.: A survey on graphs with polynomial growth, Discrete Math. 95 (1991), 101–117.

[180] Ivanov, A. A.: Bounding the diameter of a distance-regular graph, Soviet Math.

Doklady 28 (1983), 149–152.

[181] Jones, O. D.: Transition probabilities for the simple random walk on the Sierpiński graph, Stochastic Proc. Appl. 61 (1996), 4–69.

[182] Kaimanovich, V. A.: Spectral measure of the transition operator and harmonic functions connected with random walks on discrete groups, J. Soviet Math. 24 (1984), 550–555.

[183] Kaimanovich, V. A.: An entropy criterion for maximality of the boundary of random walks on discrete groups, Soviet Math. Doklady 31 (1985), 193–197.

[184] Kaimanovich, V. A.: Discretization of bounded harmonic functions on Riemannian manifolds and entropy, Potential Theory (ed. M. Kishi), de Gruyter, Berlin, 1991, pp. 213–223.

[185] Kaimanovich, V. A.: Poisson boundaries of random walks on discrete solvable groups, Probability Measures on Groups X (ed. H. Heyer), Plenum, New York, 1991, pp. 205–238.

[186] Kaimanovich, V. A.: Dirichlet norms, capacities and generalized isoperimetric inequalities for Markov operators, Potential Anal. 1 (1992), 61–82.

[187] Kaimanovich, V. A.: Measure-theoretic boundaries of Markov chains, 0–2 laws and entropy, Harmonic Analysis and Discrete Potential Theory (ed. M. A. Picardello), Plenum, New York, 1992, pp. 145–180.

[188] Kaimanovich, V. A.: Ergodicity of harmonic invariant measures for the geodesic flow on hyperbolic spaces, J. reine angew. Math. 455 (1994), 57–103.

[189] Kaimanovich, V. A.: The Poisson boundary for groups with hyperbolic properties, preprint, Univ. Rennes I (1998).

[190] Kaimanovich, V. A., and Vershik, A. M.: Random walks on discrete groups: boundary and entropy, Ann. Probab. 11 (1983), 457–490.

[191] Kaimanovich, V. A., and Woess, W.: The Dirichlet problem at infinity for random walks on graphs with a strong isoperimetric inequality, Probab. Th. Rel. Fields 91 (1992), 445–466.

[192] Kanai, M.: Rough isometries and combinatorial approximations of geometries of non-compact Riemannian manifolds, J. Math. Soc. Japan 37 (1985), 391–413.

[193] Kanai, M.: Rough isometries and the parabolicity of Riemannian manifolds, J.

Math. Soc. Japan 38 (1986), 227–238.

[194] Kanai, M.: Analytic inequalities, and rough isometries between non-compact Riemannian manifolds, Curvature and Topology of Riemannian Manifolds – Proceedings, Katata 1985, Lecture Notes in Math. 1201, Springer, Berlin, 1986, pp. 122–137.

[195] Karlin, S., and McGregor, J.: Random walks, Illinois J. Math. 3 (1959), 66–81. [196] Katok, S.: Fuchsian Groups, Univ. of Chicago Press, Chicago, 1992. [197] Kemeny, J. G., Snell, J. L., and Knapp, A. W.: Denumerable Markov Chains. 2nd ed., Springer, New York, 1976.

[198] Kesten, H.: Symmetric random walks on groups, Trans. Amer. Math. Soc. 92 (1959), 336–354.

[199] Kesten, H.: Full Banach mean values on countable groups, Math. Scand 7 (1959), 146–156.

[200] Kesten, H.: Ratio limits for random walks II, J. Analyse Math. 11 (1963), 323–379. [201] Kesten, H.: The Martin boundary for recurrent random walks on countable groups, Proc. 5th Berkeley Sympos. on Math. Statistics and Probability, vol. 2, Univ. of California Press, Berkeley, California, 1967, pp. 51–74.

[202] Kesten, H.: Review of [225], Math. Rev. 36-5269 (1968).

[203] Kesten, H., and Spitzer, F.: Random walk on countably infinite Abelian groups, Acta Math. 114 (1965), 237–265.

[204] Kindermann, R., and Snell, J. L.: Markov Random Fields and their Applications, Contemporary Math. 1, American Math. Society, Providence, Rhode Island, 1980.

[205] Kingman, J. F. C.: The ergodic decay of Markov transition probabilities, Proc.

London Math. Soc. 13 (1963), 337–358.

[206] Kingman, J. F. C.: The ergodic theory of subadditive processes, J. Royal Stat. Soc., Ser. B 30 (1968), 499-510.

[207] Koebe, P.: Kontaktprobleme der konformen Abbildung, Ber. Ver. Sächs. Akad.

Wiss. Leipzig Math.-Phys. Kl. 88 (1936), 141–164.

[208] Krámli, A., and Szász, D.: Random walks with internal degrees of freedom, I. Local limit theorems, Z. Wahrscheinlichkeitsth. verw. Geb. 63 (1983), 85–95.

[209] Kuhn, G., and Soardi, P. M.: The Plancherel measure for polygonal graphs, Ann.

Mat. Pura Appl. 134 (1983), 393–401.

[210] Kuich, W., and Salomaa, A.: Semirings, Automata, Languages, Springer, Berlin, 1985.

[211] Lalley, S. P.: Saddlepoint approximations and space-time Martin boundary for nearest neighbour random walk on a homogeneous tree, J. Theoret. Probab. 4 (1991), 701–723.

[212] Lalley, S. P.: Finite range random walks on free groups and homogeneous trees, Ann. Probab. 21 (1993), 2087–2130.

[213] Lebedev, N. N.: Special Functions and their Applications, Dover Publ., New York, 1972.

[214] Ledrappier, F.: Poisson boundaries of discrete groups of matrices, Israel J. Math.

50 (1985), 319–336.

[215] Levit, B. Ya., and Molchanov, S. A.: Invariant chains on a free group with a finite number of generators (in Russian), Vest. Moscow Univ. 26 (1971), 80–88.

[216] Losert, V.: On the structure of groups with polynomial growth, Math. Z. 195 (1987), 109–117.

[217] Lust-Piquard, F.: Lower bounds on ‖K^n‖_{1→∞} for some contractions K of L^2(μ), with applications to Markov operators, Math. Ann. 303 (1995), 699–712.

[218] Lyndon, R. C., and Schupp, P. E.: Combinatorial Group Theory, Springer, Berlin, 1977.

[219] Lyons, R.: Random walks and percolation on trees, Ann. Probab. 18 (1990), 931–958.

[220] Lyons, R.: Random walks and the growth of groups, C. R. Acad. Sci. Paris, Série I 320 (1995), 1361–1366.

[221] Lyons, R., Pemantle, R., and Peres, Y.: Random walks on the lamplighter group, Ann. Probab. 24 (1996), 1993–2006.

[222] Lyons, T.: A simple criterion for transience of a reversible Markov chain, Ann.

Probab. 11 (1983), 393–402.

[223] Lyons, T.: Instability of the Liouville property for quasi-isometric Riemannian manifolds and reversible Markov chains, J. Diff. Geom. 26 (1987), 33–66.

[224] Lyons, T., and Sullivan, D.: Function theory, random paths and covering spaces, J.

Diff. Geom. 19 (1984), 299–323.

[225] Margulis, G. A.: Positive harmonic functions on nilpotent groups, Soviet Math.

Doklady 166 (1966), 241–244.

[226] Markvorsen, St., McGuinness, S., and Thomassen, C.: Transient random walks on graphs and metric spaces, with applications to hyperbolic surfaces, Proc. London Math. Soc. 64 (1992), 1–20.

[227] Martin, R. S.: Minimal positive harmonic functions, Trans. Amer. Math. Soc. 49 (1941), 137–172.

[228] McCaughan, G. J.: A recurrence/transience result for circle packings, Proc. Amer.

Math. Soc 126 (1998), 3647–3656.

[229] McGuinness, S.: Random walks on graphs and digraphs, Ph. D. thesis, Univ. Waterloo, Ontario (1988).

[230] McGuinness, S.: Recurrent networks and a theorem of Nash-Williams, J. Theoret.

Probab. 4 (1991), 87–100.

[231] McLaughlin, J. C.: Random walks and convolution operators on free products, Ph. D.

thesis, New York Univ. (1986).

[232] Medolla, G., and Soardi, P. M.: Extensions of Foster’s averaging formula to infinite networks with moderate growth, Math. Z. 219 (1995), 171–185.

[233] Merkl, F., and Wagner, H.: Recurrent random walks and the absence of continuous symmetry breaking on graphs, J. Statist. Phys. 75 (1995), 153–165.

[234] Mermin, N. D.: Absence of ordering in certain classical systems, J. Math. Phys. 8 (1967), 1061–1064.

[235] Mermin, N. D., and Wagner, H.: Absence of ferromagnetism or antiferromagnetism in one- or two-dimensional isotropic Heisenberg models, Phys. Rev. Lett. 17 (1966), 1133–1136.

[236] Milnor, J.: A note on curvature and fundamental group, J. Diff. Geom. 2 (1968), 1–7.

[237] Mohar, B.: Isoperimetric inequalities, growth and the spectrum of infinite graphs, Linear Algebra Appl. 103 (1988), 119–131.

[238] Mohar, B.: Some relations between analytic and geometric properties of inifinite graphs, Discrete Math. 95 (1991), 193–219.

[239] Mohar, B.: Isoperimetric numbers and spectral radius of some infinite planar graphs, Math. Slovaca 42 (1992), 411–425.

[240] Mohar, B., and Woess, W.: A survey on spectra of infinite graphs, Bull. London Math. Soc. 21 (1989), 209–234.

[241] Molchanov, S. A.: On the Martin boundaries for the direct products of Markov chains, Th. Probab. Appl. 12 (1967), 307–314.

[242] Möller, R. G.: Ends of graphs. II, Math. Proc. Cambridge Phil. Soc. 111 (1992), 455–460.

[243] Nagnibeda, T.: On random walks and growth in groups with finitely many cone types, Ph. D. Thesis, Univ. Genève (1997).

[244] Nagnibeda, T.: An estimate from above of spectral radii of random walks on surface groups, Sbornik Seminarov POMI 240 (1997), 154–166.

[245] Nash-Williams, C. St J. A.: Random walks and electric currents in networks, Proc.

Cambridge Phil. Soc. 55 (1959), 181–194.

[246] Ney, P., and Spitzer, F.: The Martin boundary for random walk, Trans. Amer.

Math. Soc. 121 (1966), 116–132.

[247] Northshield, S.: Circle boundaries of planar graphs, Potential Anal. 2 (1993), 299–314.

[248] Odlyzko, A. M.: Periodic oscillations of coefficients of power series that satisfy functional equations, Adv. Math. 44 (1982), 180–205.

[249] Odlyzko, A. M.: Asymptotic enumeration methods, Handbook of Combinatorics, Chapter 22 (eds. R. L. Graham, M. Grötschel, L. Lovasz) North-Holland – Elsevier, Amsterdam, 1995, pp. 1063–1229.

[250] Ol’shasnkii, A. Yu.: On the question of existence of an invariant mean on a group, Russian Math. Surveys 35 (1980), 180–181.

[251] Olver, F. W. J.: Asymptotics and Special Functions, Academic Press, San Diego, California, 1974.

[252] Papangelou, F.: Strong ratio limits, R-recurrence and mixing properties of discrete parameter Markov chains, Z. Wahrscheinlichkeitsth. verw. Geb. 8 (1967), 259–297.

[253] Parthasarathy, K.: Probability Measures on Metric Spaces, Academic Press, New York, 1967.

[254] Paschke, W. L.: Lower bound for the norm of a vertex-transitive graph, Math. Z.

213 (1993), 225–239.

[255] Paterson, A. T.: Amenability, Math. Surveys and Monographs 29, American Math.

Society, Providence, Rhode Island, 1988.

[256] Picardello, M. A.: Spherical functions and local limit theorems on free groups, Ann.

Mat. Pura Appl. 33 (1983), 177–191.

[257] Picardello, M. A., and Woess, W.: Random walks on amalgams, Monatsh. Math.

100 (1985), 21–33.

[258] Picardello, M. A., and Woess, W.: Martin boundaries of random walks: ends of trees and groups, Trans. Amer. Math. Soc. 302 (1987), 185–205.

[259] Picardello, M. A., and Woess, W.: Harmonic functions and ends of graphs, Proc.

Edinburgh Math. Soc. 31 (1988), 457–461.

[260] Picardello, M. A., and Woess, W.: A converse to the mean value property on homogeneous trees, Trans. Amer. Math. Soc. 311 (1989), 209–225.

[261] Picardello, M. A., and Woess, W.: Examples of stable Martin boundaries of Markov chains, Potential Theory (ed. M. Kishi), de Gruyter, Berlin, 1991, pp. 261–270.

[262] Picardello, M. A., and Woess, W.: Martin boundaries of Cartesian products of Markov chains, Nagoya Math. J. 128 (1992), 153–169.

[263] Picardello, M. A., and Woess, W.: The full Martin boundary of the bi-tree, Ann.

Probab. 22 (1994), 2203–2222.

[264] Pier, J. P.: Amenable Locally Compact Groups, Wiley, New York, 1984. [265] Pittet, Ch.: On the isoperimetry of graphs with many ends, Colloq. Math. 78 (1998), 307–318.

[266] Pittet, Ch., and Saloff-Coste, L.: A survey on the relationship between volume growth, isoperimetry, and the behaviour of simple random walk on Cayley graphs, with examples, preprint, Univ. Toulouse (1997).

[267] Pittet, Ch., and Saloff-Coste, L.: Amenable groups, isoperimetric profiles and random walks, Geometric Group Theory Down Under, Canberra 1996 (eds. J. Cossey et al.), de Gruyter, Berlin, 1999, pp. 293–316.

[268] Pittet, Ch., and Saloff-Coste, L.: On the stability of the behaviour of random walks on groups, in press, J. Geometric Anal.

[269] Pólya, G.: Über eine Aufgabe der Wahrscheinlichkeitstheorie betreffend die Irrfahrt im Straßennetz, Math. Ann. 84 (1921), 149–160.

[270] Pólya, G.: Orthogonal Polynomials, American Math. Society, Providence, Rhode Island, 1939.

[271] Pruitt, W. E.: Eigenvalues of non-negative matrices, Ann. Math. Statist. 35 (1964), 1797–1800.

[272] Quenell, G.: Combinatorics of free product graphs, Contemporary Math. 206 (1994), 257–281.

[273] Raghunathan, M. S.: Discrete Subgroups of Lie Groups, Springer, Berlin, 1972. [274] Rammal, R.: Spectrum of harmonic excitations on fractals, J. Phys. 45 (1984), 191–206.

[275] Rammal, R.: Random walk statistics on fractal structures, J. Statist. Physics 36 (1984), 547–560.

[276] Revuz, D.: Markov Chains, North-Holland, Amsterdam, 1975. [277] Rigoli, M., Salvatori, M., and Vignati, M.: Subharmonic functions on graphs, Israel J. Math. 99 (1997), 1–27.

[278] Rodin, B., and Sullivan, D.: The convergence of circle packings to the Riemann mapping, J. Diff. Geom. 26 (1987), 349–360.

[279] Ronan, M.: Lectures on Buildings, Academic Press, New York, 1989. [280] Rosenblatt, J.: Invariant measures and growth conditions, Trans. Amer. Math.

Soc. 193 (1974), 33–53.

[281] Rudin, W.: Fourier Analysis on Groups, Interscience, New York, 1962. [282] Rudin, W.: Real and Complex Analysis. 3rd ed., McGraw-Hill, New York, 1987. [283] Rvačeva, E. L.: On domains of attraction of multi-dimensional distributions, Selected Translations Math. Statist. Probab. Th. 2 (1962), 183–205.

[284] Sabidussi, G.: Vertex transitive graphs, Monatsh. Math. 68 (1964), 427–438. [285] Saloff-Coste, L.: Isoperimetric inequalities and decay of iterated kernels for almost-transitive Markov chains, Combinatorics, Probab. Comput. 4 (1995), 419–442.

[286] Saloff-Coste, L., and Woess, W.: Computing norms of group-invariant transition operators, Combinatorics, Probab. Comput. 5 (1996), 161–178.

[287] Saloff-Coste, L., and Woess, W.: Transition operators, groups, norms, and spectral radii, Pacific J. Math. 180 (1997), 333–367.

[288] Salvatori, M.: On the norms of group-invariant transition operators on graphs, J.

Theoret. Probab. 5 (1991), 563–576.

[289] Salvatori, M.: Random walks on generalized lattices, Monatsh. Math. 1-2 (1996), 145–161.

[290] Sawyer, S.: Isotropic random walks in a tree, Z. Wahrscheinlichkeitsth. verw. Geb.

42 (1978), 279–292.

[291] Sawyer, S.: Martin boundaries and random walks, Harmonic Functions on Trees and Buildings (ed. A. Korányi), Contemporary Math. 206, American Math. Society, Providence, Rhode Island, 1997, pp. 17–44.

[292] Sawyer, S., and Steger, T.: The rate of escape for anisotropic random walks in a tree, Probab. Th. Rel. Fields 76 (1987), 207–230.

[293] Schlichting, G.: Polynomidentitäten und Permutationsdarstellungen lokalkompakter

Gruppen, Invent. Math. 55 (1979), 97–106.

[294] Schwarzc, A. S.: Volume invariants of coverings, Doklady Akad. Nauk. SSSR 105 (1955), 32–34.

[295] Segal, D.: Polycyclic Groups, Cambridge Univ. Press, Cambridge, 1983. [296] Seifter, N., and Trofimov, V. I.: Automorphism groups of graphs with quadratic growth, J. Combinatorial Th., Ser. B 71 (1997), 205–210.

[297] Seneta, E.: Non-negative Matrices and Markov Chains. 2nd ed., Springer Series in Statist., New York, 1973.

[298] Series, C.: Martin boundaries of random walks on Fuchsian groups, Israel J. Math.

44 (1983), 221–242.

[299] Serre, J.-P.: Local Fields, Springer, New York, 1979.

[300] Short, H. (et al.): Notes on word hyperbolic groups, Group Theory from a Geometrical Viewpoint (eds. E. Ghys, A. Haefliger, A. Verjovsky), World Scientific, Singapore, 1991, pp. 3–63.

[301] Soardi, P. M.: Simple random walks on Z^2 ∗ Z_2, Symposia Math. 29 (1986), 303–309. [302] Soardi, P. M.: The resolvent for simple random walks on the free product of discrete groups, Math. Z. 192 (1986), 109–116.

[303] Soardi, P. M.: Recurrence and transience of the edge graph of a tiling of the Euclidean plane, Math. Ann. 287 (1990), 613–626.

[304] Soardi, P. M.: Potential Theory on Infinite Networks, Lecture Notes in Math. 1590, Springer, Berlin, 1994.

[305] Soardi, P. M., and Woess, W.: Amenability, unimodularity, and the spectral radius of random walks on infinite graphs, Math. Z. 205 (1990), 471–486.

[306] Soardi, P. M., and Yamasaki, M.: Classification of infinite networks and its applications, Circuits, Syst. Signal Proc. 12 (1993), 133–149.

[307] Spitzer, F.: Principles of Random Walk. 2nd edition, Springer, New York, 1976. [308] Stallings, J.: Group Theory and Three-Dimensional Manifolds, Yale Univ. Press, New Haven, Connecticut, 1971.

[309] Steger, T.: Harmonic analysis for an anisotropic random walk in a homogeneous tree, Ph. D. Thesis, Washington Univ., St Louis, Missouri (1985).

[310] Stone, Ch.: On local and ratio limit theorems, Proc. 5th Berkeley Sympos. on Math.

Statistics and Probability, vol. 2, Univ. of California Press, Berkeley, California, 1967, pp. 217–224.

[311] Taylor, J. C.: The Martin boundaries of equivalent sheaves, Ann. Inst. Fourier (Grenoble) 20 (1970), 433–456.

[312] Taylor, J. C.: The product of minimal functions is minimal, Bull. London Math.

Soc. 22 (1990), 499–504; erratum: 24 (1991), 379–380.

[313] Telcs, A.: Spectra of graphs and fractal dimensions I, Probab. Th. Rel. Fields 85 (1990), 489–497.

[314] Telcs, A.: Spectra of graphs and fractal dimensions II, J. Theoret. Probab. 8 (1995), 77–96.

[315] Thomassen, C.: Isoperimetric inequalities and transient random walks on graphs, Ann. Probab. 20 (1992), 1592–1600.

[316] Thomassen, C.: Trees, ends, and transience, Harmonic Analysis and Discrete Potential Theory (ed. M. A. Picardello), Plenum, New York, 1992, pp. 259–266.

[317] Thomassen, C., and Woess, W.: Vertex-transitive graphs and accessibility, J. Combinatorial Th., Ser. B 58 (1993), 248–268.

[318] Trofimov, V. I.: Graphs with polynomial growth, Math. USSR Sbornik 51 (1985), 405–417.

[319] Trofimov, V. I.: Automorphism groups of graphs as topological groups, Math. Notes

(Transl. Mat. Zametki) 38 (1986), 717–720.

[320] Uchiyama, K.: Green’s functions for random walks on Z^N , Proc. London Math.

Soc. 77 (1988), 215–240.

[321] Varopoulos, N. Th.: Brownian motion and transient groups, Ann. Inst. Fourier (Grenoble) 33 (1983), 241–261.

[322] Varopoulos, N. Th.: Brownian motion and random walks on manifolds, Ann. Inst.

Fourier (Grenoble) 34 (1984), 243–269.

[323] Varopoulos, N. Th.: Isoperimetric inequalities and Markov chains, J. Funct. Anal.

63 (1985), 215–239.

[324] Varopoulos, N. Th.: Semigroupes d’opérateurs sur les espaces L^p, C. R. Acad. Sci.

Paris, Série I 301 (1985), 865–868.

[325] Varopoulos, N. Th.: Théorie du potentiel sur des groupes et des variétés, C. R.

Acad. Sci. Paris, Série I 302 (1986), 203–205.

[326] Varopoulos, N. Th., Saloff-Coste, L. and Coulhon, T.: Analysis and Geometry on Groups, Cambridge Tracts in Math. 100, Cambridge Univ. Press, Cambridge, 1992.

[327] Vere-Jones, D.: Geometric ergodicity in denumerable Markov chains, Quart. J.

Math. Oxford 13 (1962), 7–28.

[328] Vere-Jones, D.: Ergodic properties of nonnegative matrices – I, Pacific J. Math. 26 (1967), 361–386.

[329] Vere-Jones, D.: Ergodic properties of nonnegative matrices – II, Pacific J. Math.

26 (1968), 601–620.

[330] Voiculescu, D.: Addition of certain non-commuting random variables, J. Funct.

Anal. 66 (1986), 323–346.

[331] Voiculescu, D.: Noncommutative random variables and spectral problems in free product C^∗-algebras, Rocky Mountain J. Math. 20 (1990), 263–283.

[332] Voiculescu, D., Dykema, K., and Nica, A.: Free Random Variables, CRM Monograph Series 1, American Math. Society, Providence, Rhode Island, 1992.

[333] van der Waerden, B. L.: Einführung in die algebraische Geometrie, Springer, Berlin, 1939.

[334] Wagon, S.: The Banach–Tarski paradox, Encyclopedia of Math. 24, Cambridge Univ. Press, Cambridge, 1985.

[335] Wall, H. S.: Analytic Theory of Continued Fractions, Van Nostrand, Toronto, 1948. [336] Woess, W.: A local limit theorem for random walks on certain discrete groups, Probability Measures on Groups (ed. H. Heyer), Lecture Notes in Math. 928, Springer, Berlin, 1982, pp. 468–477.

[337] Woess, W.: Puissances de convolution sur les groupes libres ayant un nombre quelconque de générateurs, Inst. Élie Cartan 7 (1983), 181–190.

[338] Woess, W.: A random walk on free products of finite groups, Probability Measures on Groups (ed. H. Heyer), Lecture Notes in Math. 1064, Springer, Berlin, 1984, pp. 467–470.

[339] Woess, W.: Random walks and periodic continued fractions, Adv. Appl. Probab.

17 (1985), 67–84.

[340] Woess, W.: Transience and volumes of trees, Arch. Math. 46 (1986), 184–192. [341] Woess, W.: Nearest neighbour random walks on free products of discrete groups, Boll. Un. Mat. Ital. 5-B (1986), 961–982.

[342] Woess, W.: A description of the Martin boundary for nearest neighbour random walks on free products, Probability Measures on Groups VIII (ed. H. Heyer), Lecture Notes in Math. 1210, Springer, Berlin, 1986, pp. 203–215.

[343] Woess, W.: Context-free languages and random walks on groups, Discrete Math.

67 (1987), 81–87.

[344] Woess, W.: Graphs and groups with tree-like properties, J. Combinatorial Th., Ser.

B 68 (1989), 271–301.

[345] Woess, W.: Boundaries of random walks on graphs and groups with infinitely many ends, Israel J. Math. 68 (1989), 271–301.

[346] Woess, W.: Topological groups and infinite graphs, Discrete Math. 95 (1991), 373–384.

[347] Woess, W.: Fixed sets and free subgroups of groups acting on metric spaces, Math.

Z. 214 (1993), 425–440.

[348] Woess, W.: Random walks on infinite graphs and groups – a survey on selected topics, Bull. London Math. Soc. 26 (1994), 1–60.

[349] Woess, W.: Dirichlet problem at infinity for harmonic functions on graphs, Potential Theory – ICPT94 (eds. J. Král et al.), de Gruyter, Berlin, 1996, pp. 189–217.

[350] Woess, W.: Topological groups and recurrence of quasi transitive graphs, Rendiconti Sem. Mat. Fis. Milano 64 (1994/96), 185–213.

[351] Woess, W.: Catene di Markov e Teoria del Potenziale nel Discreto, Quaderni dell’Unione Matematica Italiana 41, Pitagora, Bologna, 1996.

[352] Woess, W.: A note on tilings and strong isoperimetric inequality, Math. Proc.

Cambridge Phil. Soc. 124 (1998), 385–393.

[353] Wolf, J. A.: Growth of finitely generated solvable groups and curvature of Riemannian manifolds, J. Diff. Geom. 2 (1968), 421–446.

[354] Yamasaki, M.: Parabolic and hyperbolic infinite networks, Hiroshima Math. J. 7 (1977), 135–146.

[355] Yamasaki, M.: Discrete potentials on an infinite network, Mem. Fac. Sci., Shimane Univ. 13 (1979), 31–44.

[356] Zuk, A.: A remark on the norm of a random walk on surface groups, Colloquium Math. 72 (1997), 195–206.

[357] Zuk, A.: On the norms of the random walks on planar graphs, Ann. Inst. Fourier (Grenoble) 47 (1997), 1463–1490.